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STATISTICS	ON	NETWORKS	

1.   Parameter	esWmaWon	
2.   Model	selecWon	
3.   T-test	
4.   ANOVA	
5.   CorrelaWon	
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Graph	G	
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p	=	1	p	=	0	
Increasing	randomness	

Regular	 Small-world	 Random	
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DATASETS	
ADHD-200	ConsorWum	

•  759	subjects	
•  479	controls	(253	males,	

12.23±3.26	y.o.)	
•  159	combined	hyperacWve/

impulsive	and	inahenWve	
(130	males,	11.24±3.05	y.o.)	

•  11	hyperacWve/impulsive	(9	
males,	13.40±4.51	y.o.)	

•  110	inahenWve	(85	males,	
12.06±2.55	y.o.)	

•  Pre-processing:	Athena	
pipeline	

ABIDE	I	ConsorWum	
•  814	subjects	
•  529	controls	(430	males,	

17.47±7.81	y.o.)	
•  285	auWsm	paWents	(255	

males,	17.53±7.13	y.o.)	
•  Pre-processing:	Athena	

pipeline	



GRAPH	ENTROPY	

Sato	et	al.,	2013	
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Axial slices 3D view

Sato	et	al.,	2015		

AhenWon	Deficit	
HyperacWvity	Disorder	

AuWsm	Spectrum	
Disorder	



PARAMETER ESTIMATION 
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WATTS-STROGATZ RANDOM 
MODEL 

p	=	1	p	=	0	
Increasing	randomness	

Regular	 Small-world	 Random	
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Kullback-Leibler	divergence	
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Data	 Graph	model	

Model 20 50 100 500
ER	(m=0.5) 0.503±0.013 0.500±0.002 0.500±0 0.499±0.003
GI	(p=0.5) 0506±0.039 0.501±0.014 0.501±0.008 0.499±0.003
GE	(r=0.5) 0.493±0.061 0.506±0.037 0.502±0.022 0.500±0.010
BA	(p=1) 1.128±0.309 1.044±0.125 1.026±0.047 1.020±0.025

WS	(k=0.25) 0.129±0.155 0.069±0.011 0.071±0.008 0.070±0.003
KR	(k=0.25) 0.264±0.013 0.245±0.005 0.250±0 0.249±0.004

Size ER:	Erdös-Rényi	
GI:	Gilbert	
GE:	Geometric	
BA:	Barabasi-Albert	
WS:	Wahs-Strogatz	
KR:	K-Regular	



MODEL SELECTION 

Hirotugu	Akaike	
1927	-	2009	

Akaike	InformaWon	Criterion	-	AIC	
! = !(!|!,!)	
AIC = 2! − 2ln (!)	

...	

	0.018	
-0.184	
-1.371	
-0.599	
0.294	
0.389	
-1.208	
-0.363	
-1.626	
-0.256	
	1.101	
0.755	
…	
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MODEL	SELECTION	
Reference	graph	model	1	

Reference	graph	model	2	

Reference	graph	model	3	

Unknown	graph	

Kullback-Leibler	divergence	

PenalizaWon	to	avoid	
overfiong	

Reference	spectrum	
Unknown	graph	spectrum	

Takahashi	et	al.,	2012	

KL !!! !!! = !!(!)log !!!(!)!!!(!) d!
!

!!
	

! = argmin
!

2KL ! !!! + 2|!!|	
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Takahashi	et	al.,	2012	

Species Number	of	nodes Number	of	edges Average	degree Diameter Clustering	coefficient Average	path	length
H.	pylori 714 1,393 3.9 9 0.016 4.139
R.	norvegicus 758 691 1.82 9 0.001 3.651
M.	musculus 1,868 1,895 2.03 20 0.006 6.28
E.	coli 2,997 12,348 8.24 12 0.115 3.986
C.	elegans 3,183 5,068 3.18 13 0.012 4.803
S.	cerevisiae 5,213 25,073 9.62 10 0.058 3.86
H.	sapiens 5,940 14,144 4.76 17 0.017 4.755
D.	melanogaster 7,931 23,386 5.9 12 0.012 4.468

Species Erdös-Rényi Scale-free Small-world
H.	pylori 15.07 1.46 11.36
R.	norvegicus 134.67 100.47 118.67
M.	musculus 14.1 6.93 24.51
E.	coli 21.15 1.91 17.9
C.	elegans 30.48 2.66 30.23
S.	cerevisiae 24.21 0.87 18.25
H.	sapiens 47.1 11.31 44.04
D.	melanogaster 17.4 0.39 18.06
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Control	
group	

			-4										-2											0											2											4											6	

			
		0
			
			
			
	0
.1
			
			
			
	0
.2
			
			
			
0.
3	
			
			
		0
.4
	

Treatment	
group	

T test 
	0.018	
-0.184	
-1.371	
-0.599	
0.294	
0.389	
-1.208	
-0.363	
-1.626	
-0.256	
	1.101	
0.755	
-0.238	
0.987	
0.741	
0.089	
…	

2.974	
1.993	
3.567	
2.474	
1.055	
0.456	
4.654	
-0.148	
0.231	
1.612	
	4.254	
3.035	
4.236	
3.263	
3.138	
1.571	
…	

Control	 Treatment	

H0:	the	means	of	the	two	populaWons	are	equal	
H1:	the	means	of	the	two	populaWons	are	not	equal		
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COMPARISON	TEST	
“distance”	

Jensen-Shannon	
divergence	

where	

Takahashi	et	al.,	2012	

Hypothesis	test	
JS !!! ,!!! = 1

2KL !!! !!! + 12KL !!! !!! 	
!!! =

1
2 (!!! + !!!)	 H!: JS !!! ,!!! = 0	

H!: JS !!! ,!!! > 0	
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ADHD	

Takahashi	et	al.,	2012	

Number	of Clustering Average Degree Spectrum
edges coefficient path	length distribution

Normal	vs	ADHD 0.82 0.85 0.87 0.031 0.024



ANOVA 
(Analysis of Variance) 

	0.018	
-0.184	
-1.371	
-0.599	
0.294	
0.389	
-1.208	
-0.363	
-1.626	
-0.256	
	1.101	
0.755	
-0.238	
0.987	
0.741	
0.089	
…	

2.974	
1.993	
3.567	
2.474	
1.055	
0.456	
4.654	
-0.148	
0.231	
1.612	
	4.254	
3.035	
4.236	
3.263	
3.138	
1.571	
…	

CondiWon	1	 CondiWon	2	

H0:	all	the	means	are	equal	
H1:	at	least	one	of	the	means	is	not	equal		

1.729	
-1.071	
-2.339	
-0.379	
2.511	
-0.044	
0.929	
-0.891	
-0.892	
1.204	

	-0.077	
-1.944	
-0.816	
-1.103	
0.623	
-0.104	

…	

CondiWon	3	
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Graph A 

Graph B 
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graph model 
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graph model 

ER(p) 

Fujita	et	al.,	2016	
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