Higher Separation Axioms in Generalized Closure Spaces

Bärbel M.R. Stadler^{1,∗} and Peter F. Stadler^{1,2}

1Institute for Theoretical Chemistry and Molecular Structural Biology, University of Vienna, Währingerstrasse 17, A-1090 Vienna, Austria

2The Santa Fe Institute, 1399 Hyde Park Road, Santa Fe, NM 87501, USA

Phone: **43 1 4277-52745 Fax: **43 1 4277-52793 E-Mail: {baer,studla}@tbi.univie.ac.at URL: http://www.tbi.univie.ac.at/~{baer,studla} ∗ corresponding author

Abstract

The hierarchy of separation axioms that is familiar from topological spaces generalizes to spaces with an isotone and expansive closure function. Neither additivity nor idempotence of the closure function must be assumed.

Keywords: extended topologies, closure spaces, separation axioms, Urysohn functions, regularity, normality.

AMS Subject Classification: 54A05

1. Introduction

Closure functions that are more general than the topological ones have been studied already by Hausdorff [18] and Day [5]. A thorough discussion is due to Hammer, see e.g., [16, 17], and more recently Gniłka [13, 14].

There has been increased interest in applications of generalized topological spaces, in particular in pattern recognition, image analysis, and related areas. Although the usual definitions of topology are generally not suited to the analysis of digital pictures, they are easily modified and yield generalized closure or neighborhood functions that fit the requirements of digital topology, see e.g. [24, 6, 10].

The search spaces in combinatorial chemistry as well as the sequence spaces underlying (molecular) evolution are conventionally thought of as graphs. Recombination, however, implies a non-graphical structure of the underlying spaces [12]. A unified view of combinatorial search spaces, fitness landscapes, evolutionary trajectories, and artificial chemistries based on generalized topologies is discussed in [8, 9, 28, 29, 27]. 1

In this contribution we consider the higher separation axioms T3 to T5 and the associated concepts of Urysohn functions, regularity, and normality, which have so far not been studied in much detail in the framework of extended topologies. A discussion of higher separation axioms in the realm of semi-uniform convergence spaces can be found in [23]. Our main result is that the hierarchy of separation axioms that is familiar from topological spaces generalizes to extended topologies with isotonic, expansive closure functions, so-called neighborhood spaces; neither additivity nor idempotence of the closure function are necessary.

2. Preliminaries: Generalized Topologies

Let cl : P(X) → P(X) be a set-valued set function which we call the closure function. Its conjugate is the interior function int : X → X defined by int(A) = X \ cl(X \ A) . (1) The associated neighborhood function N : X → P(P(X)) is defined by N (x) = {N ⊆ X|x ∈ int(N)} (2) It is not hard to show that closure, interior, and neighborhood can be used to define each other. For instance, we have x ∈ cl(A) ⇐⇒ (X \ A) /∈ N (x) . (3) A set A is closed if A = cl(A) and open if A = int(A). If A is closed then X \ A is open and vice versa.

Table 1. Closure Axioms

closure neighborhood K0 cl(∅) = ∅ X ∈ N (x) A ⊆ B =⇒ cl(A) ⊆ cl(B) K1 isotone cl(A ∩ B) ⊆ cl(A) ∩ cl(B) N ∈ N (x) , N ⊆N^′ =⇒ N^′ ∈ N (x) cl(A) ∪ cl(B) ⊆ cl(A ∪ B) K2 expansive A ⊆ cl(A) N ∈ N (x) ⇒ x ∈ N K3 sub-linear cl(A ∪ B) ⊆ cl(A) ∪ cl(B) N^′, N^{′′} ∈ N (x) =⇒ N^′ ∩ N^{′′} ∈ N (x) K4 idempotent cl(cl(A)) = cl(A) N ∈ N (x) ⇐⇒ int(N) ∈ N (x)

The basic axioms for closure functions are compiled in Table 1 together with their neighborhood counterparts. The equivalence of closure and neighborhood versions of these conditions is well-known, see e.g. [11]. For instance, the various expressions for isotony listed in Table 1 can be found in [16, Lem.10]. For completeness we show here that the two formulations of (K4) are equivalent:

Proof. We have in general x ∈ int(int(A)) iff int(A) ∈ N (x). Thus int(int(A)) = int(A) for all A if and only if x ∈ int(A) is equivalent to int(A) ∈ N (x). On the other hand, we have x ∈ int(A) if and only if A ∈ N (x). Combining these two conditions we see that the closure function is idempotent if and only if A ∈ N (x) is equivalent to int(A) ∈ N (x). □

We say that (X, cl) is an isotone space if (K0) and (K1) is satisfied. If in addition (K2) holds then (X, cl) is a neighborhood space. Neighborhood spaces satisfying (K3) are the pretopological spaces studied in detail in [2]. An isotone and idempotent closure function corresponds to the intersection structures studied e.g. in lattice theory [26, 4]. In this case the intersection of an arbitrary number of closed sets is again a closed set. A neighborhood space with idempotent closure corresponds to a so-called topped intersection structure and is sometimes called a convex closure space. Finally, a pretopological space with idempotent closure is a topological space in the usual sense.

In the following we will need a few more basic results on generalized topological spaces which we compile here for later reference:

If (K1) holds we have the following expression for the closure function in terms of neighborhoods [5, Thm.3.1,Cor.3.2]

cl(A) = {x ∈ X|∀N ∈ N (x) : A ∩ N ≠ ∅} (4)

The notion of a neighborhood for an individual point can be extended naturally to sets: V is a neighborhood of A, in symbols V ∈ N (A), if V ∈ N (x) for all x ∈ A. One easily verifies for arbitrary closure functions that

V ∈ N (A) ⇐⇒ A ⊆ int(V ) (5)

Let (X, cl) and (Y, cl) be two sets with arbitrary closure functions and let f : X → Y . Then f : X → Y is continuous if the following equivalent conditions are satisfied:

(i) cl(f^{−1}(B)) ⊆ f^{−1}(cl(B)) for all B ∈ P(Y ). (ii) f^{−1}(int(B)) ⊆ int(f^{−1}(B)) for all B ∈ P(Y ).

(iii) B ∈ N (f(x)) implies f^{−1}(B) ∈ N (x) for all B ∈ P(Y ) and all x ∈ X. The equivalence of (i), (ii), and (iii) is stated (without the simple proof), e.g. in [15, Thm.3.1.]. The function f : X → Y is closure preserving if (CP) for all A ∈ P(X) holds f(cl(A)) ⊆ cl(f(A)).

In isotone spaces, closure preservation and continuity are equivalent.

We will also need the “lower separation axioms”:

(T0) For all x, y ∈ X, x ≠ y there is N^′ ∈ N (x) such that y /∈ N^′ or there is N^{′′} ∈ N (y) such that x /∈ N^{′′}.

(T0’) x ≠ y: y /∈ cl({x}) or x /∈ cl({y}) (T1) For all x, y ∈ X, x ≠ y there is N^′ ∈ N (x) and N^{′′} ∈ N (y) such that x /∈ N^{′′} and y /∈ N^′.

(T1’) cl(x) ⊆ {x} (T2) If x ≠ y then there is N^′ ∈ N (x) and N^{′′} ∈ N (y) such that N^′ ∩ N^{′′} = ∅. (T2^1_2 ) If x ≠ y then there is N^′ ∈ N (x) and N^{′′} ∈ N (y) such that cl(N^′)∩cl(N^{′′}) = ∅. Here (T0) and (T0’) as well as (T1) and (T1’) are equivalent in isotone spaces. In a neighborhood space (T2^1_2 ) =⇒ (T2) =⇒ (T1) =⇒ (T0).

Furthermore, the following symmetry-like axioms are of interest: (R0) If x is contained in each neighborhood of y then y is contained in each neighborhood of x.

(R0’) If x ∈ cl({y}) then y ∈ cl({x}).

(S) If x is contained in each neighborhood of y then N (x) = N (y). (S’) cl(A) ∩ cl({x}) ≠ ∅ implies x ∈ cl(A).

(RE) N_x ∩ N_y ≠ ∅ for all N_x ∈ N (x) and all N_y ∈ N (y) implies N (x) = N (y) The (R0) axiom was introduced by Šanin [25]. Čech proved that a pretopological space is semi-uniformizable if and only if it satisfies (R0’) [2, Thm.23.B.3]. In [20] it is shown that (R0) is equivalent to “weak uniformizability” of convergence spaces. (R0) and (R0’) are equivalent in all isotone spaces. The equivalence of (S) and (S’) is shown in [2, Thm.29.A.3] for pretopological spaces. The argument easily extends to neighborhood spaces. Reciprocal spaces characterized by axiom (RE) were considered in [19], where this property was termed “axiom P”. Finally, it is well known that (R0) and (S) are equivalent in topological spaces, see e.g. [22]. In isotone spaces we have (T1) ⇐⇒ (T0 and R0). In neighborhood spaces we have

(RE) =⇒ (S) =⇒ (R0) and (T2) ⇐⇒ (T0 and RE) (6)

Let (X, cl) be a closure space and Y ⊆ X. Then c_Y : P(Y ) → P(Y ), A → Y ∩cl(A) is the relativization of cl to Y . The pair (Y, c_Y ) is a subspace of (X, cl). The closure c_Y is the finest closure function of Y such that the canonical embedding j : Y → (X, cl), x → x is continuous. If A ⊆ Y then the relative interior is given by

int_Y (A) := Y \ c_Y (Y \ A) = Y ∩ int(A ∪ (X \ Y )) (7)

and the relative neighborhoods of A are

N_Y (A) = {N ∩ Y |N ∈ N (A)} . (8)

This can be seen e.g. following the lines of [2, 17.A].

A property P of space (X, cl) is hereditary if every subspace (Y, c_Y ) also has property P. It is trivial to verify that (K0), (K1), (K2), and (K3) are hereditary in arbitrary closure spaces. Furthermore, idempotency of the closure (K4) is hereditary in neighborhood spaces:

c_Y (c_Y (A)) ⊆ c_Y (cl(A)) = Y ∩ cl(cl(A)) = Y ∩ cl(A) = c_Y (A) ⊆ c_Y (c_Y (A))

Note that we have used (K1) and (K2), respectively, for the two inclusions.

Lemma 1. The lower separation axioms (T0), (T1), (T2), (T2^1_2 ), and the symmetry axioms (R0), and (S’) are hereditary in isotone spaces.

Proof. For the axioms (T0), (T1), (R0), and (T2) we simply notice that N ∈ N (x) implies N ∩ Y ∈ N_Y (x).

Suppose x, y ∈ Y , x ≠ y and (T2^1_2 ) holds in (X, cl). Then there are neighborhoods N^′ ∈ N (x) and N^{′′} ∈ N (y) such that cl(N^′) ∩ cl(N^{′′}) = ∅. The sets Ñ^′ = N^′ ∩ Y and Ñ ′′ = N ′′ ∩ Y are neighborhoods of x and y in Y , respectively. c_Y (Ñ ′) = Y ∩ cl(Ñ ′) ⊆ cl(Ñ^′) ⊆ cl(N^′) and c_Y (Ñ^{′′}) ⊆ cl(N^′), i.e., Ñ^′ ∩ Ñ^{′′} = ∅. Thus (T2^1_2 ) holds in (Y, c_Y ). For (S’) we argue as follows: Let x ∈ Y , A ⊆ Y and x /∈ c_Y (A) = cl(A) ∩ Y . Then x /∈ cl(A) and (S’) on X implies cl(x) ∩ cl(A) = ∅ and hence c_Y (x) ∩ c_Y (A) = ∅, i.e. (S’) holds on Y as well. □

3. Semi-Separated and Separated Sets

Lemma 2. In an isotone space (X, cl) the following two conditions are equivalent for all A, B ⊆ X.

(SS) cl(A) ∩ B = A ∩ cl(B) = ∅.

(SS’) There is U ∈ N (A) and V ∈ N (B) such that A ∩ V = U ∩ B = ∅.

Proof. If (SS’) holds then ∃U, V such that A ⊆ int(U), B ⊆ int(V ), A ∩ V = ∅, and U ∩ B = ∅. We argue A ∩ V = ∅ implies V ⊆ X \ A implies B ⊆ int(V ) ⊆ int(X \ A) by isotony, hence X \ int(X \ A) = cl(A) ⊆ X \ B and thus cl(A) ∩ B = ∅. The same argument yields A ∩ cl(B) = ∅.

Now suppose (SS). We have cl(A) ∩ B = ∅ iff B ⊆ X \ cl(A) = int(X \ A), i.e., X \ A ∈ N (B). Thus there is V ∈ N (B) such that A ∩ V = ∅. Analogously, we have A ∩ cl(B) = ∅ iff X \ B ∈ N (A), i.e., there is U ∈ N (A) with U ∩ B = ∅. □

Two subsets A, B ⊆ X satisfying (SS) are called semi-separated.

Lemma 3. Let A, B ⊆ Y ⊆ X. Then A and B are semi-separated in (X, cl) if and only if A and B are semi-separated in (Y, c_Y ).

Proof. A∩cl(B) = ∅ implies A∩cl(B)∩Y = A∩c_Y (B) = ∅ and cl(A)∩B = ∅ implies c_Y (A) ∩ B = ∅.

Conversely, assume A ∩ c_Y (B) = ∅. We have A ∩ c_Y (B) = A ∩ Y ∩ cl(B) = A ∩ cl(B) since A ⊆ Y . It follows that A ∩ cl(B) = cl(A) ∩ B = ∅. □

Two sets A and B are called separated if there is U ∈ N (A) and V ∈ N (B) such that U ∩ V = ∅.

It is clear that if A and B are separated in (X, cl) and A, B ⊆ Y then A and B are separated in (Y, c_Y ).

4. Urysohn Functions

In the following we will denote by R and [0, 1] the real numbers and the closed unit interval with the usual topology, resp.

Definition 4. The function υ : X → [0, 1] is an Urysohn function separating A and B if υ is continuous, υ(A) ⊆ {0} and υ(B) ⊆ {1}. The sets A and B are Urysohnseparated if there is an Urysohn function separating A and B. We write A ‖ ‖_υB and A ‖ ‖B, respectively.

We have A ‖ υB if and only if B ‖ 1−υA. Thus ‖ is a symmetric relation. Furthermore, A ‖ ‖∅ because ∅ ‖ ‖_1A, where 1 : X → [0, 1] is the constant function 1(x) = 1.

Definition 5. A set A is completely within B, A ⋐ B, if there is a continuous function υ : X → [0, 1] such that υ(A) ⊆ {0} and υ(X \ B) ⊆ {1}.

By definition we have A ⋐ B iff A ‖ X \ B. Clearly, A ⋐ B implies X \ B ⋐ X \ A and A ⊆ B.

Theorem 6. If (X, cl) is an isotone space then A ⋐ B implies A∪cl(A) ⋐ int(B)∩B.

Proof. If A = ∅ or B = X the claim is obviously true since we assume cl(∅) = ∅. In the following we may therefore use A ≠ ∅ and B ≠ X.

By assumption there is a function υ such that υ(A) = {0}, υ(X \ B) = {1}, and υ is continuous, i.e., for every ϵ > 0 and every x ∈ X there is N ∈ N (x) such that υ(N) ⊆ I_ϵ(υ(x)) := (υ(x)−ϵ, υ(x)+ϵ)∩[0, 1]. Now suppose x ∈ cl(A), i.e., N ∩A ≠ ∅ for all N ∈ N (x). (Here we use that (X, cl) is isotone). Hence υ(A) = {0} implies 0 ∈ υ(N) ⊆ I_ϵ(υ(x)) and consequently 0 ≤ υ(x) < ϵ. Thus υ(x) = 0. Analogously, if y ∈ cl(X \ B), i.e., N ∩X \B ≠ ∅ for all N ∈ N (y), we have 1 ∈ υ(N) ⊆ I_ϵ(υ(y)) and hence 1 − ϵ < υ(y) ≤ 1 for all ϵ > 0, hence υ(y) = 1. Thus υ(A ∪ cl(A)) = {0} and υ(X \ B ∪ cl(X \ B)) = {1}, i.e., A ∪ cl(A) ‖ ‖_υ(X \ B) ∪ cl(X \ B). Therefore we have A∪cl(A) ⋐ X \[(X \B)∪cl(X \ B)] = [X \(X \B)]∩[X \cl(X \ B)] = B ∩int(B). □

Let Y ⊆ X and suppose A, B ⊆ Y are separated by the Urysohn function υ in X. The restriction υ_Y : Y → [0, 1], x → υ(x) is an Urysohn function on the subspace (Y, c_Y ). We only have to verify that υ_Y is continuous. To see this let H ⊆ Y and consider υ_Y (c_Y (H)) = υ(cl(H) ∩ Y ) ⊆ υ(cl(H)) ⊆ υ(H) = υ_Y (H) where T denotes the standard topological closure in [0, 1].

Definition 7. A closure space (X, cl) is an Urysohn-space, or (T2U) if for any two distinct points x ≠ y ∈ X are Urysohn separated, {x} ‖ ‖{y}.

It is clear from the discussion above that (T2U) is a hereditary property.

Lemma 8. Every isotone Urysohn space satisfies (T2^1_2 ).

Proof. By assumption there is a continuous function υ : X → [0, 1] with υ(x) = 0 and υ(y) = 1. Thus for each ϵ > 0 there are neighborhoods N_x ∈ N (x) and N_y ∈ N (y) such that υ(N_x) ⊆ [0, ϵ) and υ(N_y) ⊆ (1 − ϵ, 1]. Thus υ(cl(N_x)) ⊆ [0, ϵ] and υ(cl(N_y)) ⊆ [1 − ϵ, 1], i.e., cl(N_x) ∩ cl(N_y) = ∅ for ϵ < 1/2. □

5. Regular and Completely Regular Spaces

Theorem 9. In an isotone space the following conditions are equivalent:

(R) For all x ∈ X and all N ∈ N (x) there is U ∈ N (x) such that cl(U) ⊆ N. (R’) For all x ∈ X and all non-empty A ∈ P(X) such that x /∈ cl(A) there is U ∈ N (x) and V ∈ N (A) such that U ∩ V = ∅.

Proof. Suppose (R’) holds. Choose an arbitrary x ∈ X and N ∈ N (x) and set A = −N. We have x /∈ cl(A) iff −A = N ∈ N (x). Now we have U ∩ V = ∅, hence U ⊆ −V and by isotony cl(U) ⊆ cl(−V ) and finally int(V ) = −cl(−V ) ⊆ −cl(U). By eq. 5 we have A ⊆ int(V ), thus A ⊆ −cl(U), and cl(U) ⊆ −A = N. Thus (R) is satisfied.

Conversely assume (R), and let N ∈ N (x). Then there is U ∈ N (x) such that cl(U) ⊆ N. Set V = −U and A = −N. Then −N = A ⊆ −cl(U) = −cl(−V ) = int(V ), i.e., V ∈ N (A) and U ∩ V = ∅. Observing again that N ∈ N (x) if and only if x /∈ cl(A) completes the proof. □

Definition 10. An isotone space is regular if it satisfies one of the conditions (R) or (R’) in theorem 9.

It is worth noting that condition (R) naturally appears in the theory of generalized convergence spaces (see e.g. [7, 3]), while (R’) is the straightforward generalization of the usual regularity axiom in topological spaces.

Regularity is hereditary in isotone spaces. This can be verified by observing that the arguments in [2, 27.B.8] are valid in all isotone spaces.

A stronger property is (tR) For all x ∈ X and all non-empty closed sets ∅ ≠ A = cl(A) ∈ P(X) there is U ∈ N (x) and V ∈ N (A) such that U ∩ V = ∅.

It is clear that (tR) implies (R). Obviously (R) and (tR) are equivalent if cl is idempotent.

Definition 11. A closure space is (T3) if it satisfies (R) and (T0).

Obviously, (T3) is a hereditary property in isotone spaces.

Lemma 12. If (X, cl) is a neighborhood space then (T3) =⇒ (T2^1_2 ) =⇒ (T2).

Proof. We start with (R’) and set A = {y}. Since (R) implies (R0) we know that a (T3) space is (T1), hence cl(A) = cl({y}) = {y}. Thus (R’) reduces to the existence of N^′ ∈ N (x) and N^{′′} ∈ N (y) such that N^′ ∩ N^{′′} = ∅, i.e., to (T2). Now we can use (R) to obtain U^′ ∈ N (x) and U^{′′} ∈ N (y) with cl(U^′) ⊆ N^′ and cl(U^{′′}) ⊆ N^{′′}. Clearly cl(U^′) ∩ cl(U^{′′}) = ∅, i.e., (T2^1_2 ) is satisfied. □

Definition 13. An isotone space is completely regular if for all x ∈ X and all N ∈ N (x) there is N^′ ∈ N (x) such that N^′ ⋐ N. An isotone space is (T3^1_2 ) if it is (T1) and completely regular.

Completely regular filter convergence spaces are discussed in detail in [1]. It follows directly from the definition that a (T3^1_2 ) space is an Urysohn space.

Thm. 6 and (R) together immediately imply that a completely regular isotone space is regular. Hence (T3^1_2 ) implies (T3) in isotone spaces.

Lemma 14. Complete regularity, and hence (T3^1_2 ), are hereditary properties in isotone spaces.

Proof. N^′ ⋐ N means N^′ ‖ ‖_υX \ N such that υ(N ′) ⊆ {0}, υ(N) ⊆ {1}. Now consider N^′ ∩ Y ⊆ N^′, and (X \ N) ∩ Y = Y \ (N ∩ Y ) ⊆ X \ N. Thus υ(N^′ ∩ Y ) ⊆ {0}, and υ(Y \ (N ∩ Y )) ⊆ {1}. Since the restriction of υ to Y is continuous this implies N^′ ∩ Y ⋐ N ∩ Y on Y , i.e., the subspace (Y, c_Y ) is completely regular. □

Theorem 15. A completely regular neighborhood space has idempotent closure.

Proof. N^′ ⋐ N implies N^′ ⊆ int(N) by theorem 6 and by (K1) N^′ ∈ N implies int(N) ∈ N . By (K2) int(N) ⊆ N, hence N ∈ N (x) if and only if int(N) ∈ N (x). This is equivalent to the idempotence of the closure. □

It follows immediately that a completely regular neighborhood space satisfies (tR).

6. Normal Spaces

Definition 16. A closure space (X, cl) is

(tN) t-normal if any two non-empty disjoint closed sets are separated. (QN) quasi-normal if, for all non-empty sets A, B ∈ P(X) satisfying cl(A)∩cl(B) = ∅, there are neighborhoods U ∈ N (A) and V ∈ N (B) such that U ∩ V = ∅;

(N) normal if, for all non-empty sets A, B ∈ P(X) satisfying cl(A) ∩ cl(B) = ∅, there are neighborhoods U ∈ N (cl(A)) and V ∈ N (cl(B)) such that U ∩V = ∅;

(UN) Urysohn-normal if, for all non-empty sets A, B ∈ P(X) satisfying cl(A) ∩ cl(B) = ∅, there is an Urysohn function separating A and B, i.e. A ‖ ‖B. The condition for quasi-normality appears in Čech’s book [2, 29.A.]. There a pretopological space is called “normal” if it satisfies (S) and (QN).

Normal neighborhood und Urysohn-normal spaces (there termed “completely normal”) are considered by Thampuran [30]. In [21] a notion of normality for filter converge spaces is considered that corresponds to the axiom (tN) above.

Theorem 17. If (X, cl) is an isotone space then (UN) =⇒ (N) =⇒ (tN) and (QN) =⇒ (tN).

If (X, cl) is a neighborhood space then (UN) =⇒ (N) =⇒ (QN) =⇒ (tN).

Proof. We will first show that Urysohn-normal implies normal. By assumption, for each x ∈ cl(A) there is N_x ∈ N (x) such that υ(N_x) < ε. Then U = ∪_{x∈cl(A)}N_x is a neighborhood of cl(A)) and υ(U) ≤ ε. Analogously, we can find a neighborhood V ∈ N (cl(B)) such that υ(V ) ≥ 1 − ε. Setting ε < 1/2 implies that U ∩ V = ∅, hence cl(A) and cl(B) are separated. The implications (N) =⇒ (tN) and (QN) =⇒ (tN) are obvious.

Now suppose that (X, cl) is a neighborhood space. We have U ∈ N (cl(A)) ⇐⇒ cl(A) ⊆ int(U). From (K2) we conclude A ⊆ cl(A) ⊆ int(U) and hence U ∈ N (A). Thus (N) =⇒ (QN). □

Lemma 18. If (X, cl) is an neighborhood space with an idempotent closure (i.e., a convex closure space) then (N), (QN), and (tN) are equivalent.

Proof. It suffices to show that for idempotent closures (tN) implies (N). If (K4) holds then cl(A) and cl(B) are closed sets. Hence if cl(A) ∩ cl(B) = ∅ they are separated by (tN) and hence (N) holds. □

An important result for pretopological spaces is the following

Proposition 19. [2, 29.A.4] If (X, cl) is a pretopological space then (QN and S) ⇐⇒ (K4 and TN and R0).

The following result is the famous Urysohn lemma which was generalized to pretopological spaces by Thampuran:

Proposition 20. [30] If (X, cl) is a pretopological space then it is Urysohn-normal if and only if it is normal.

Urysohn’s lemma fails in more general neighborhood spaces. An example is Thampuran’s Line T which is normal but not Urysohn-normal.

Example. For any real number x, let R(x) be the family of all subsets N of the real numbers R such that {y : y < v} ⊆ N for some v > x or {y : u < y} ⊆ N for some u < x. For a subset A of R, let

cl(A) = {y ∈ R|N ∩ A ≠ ∅ for all N ∈ R(y)} (9)

The closure space T = (R, cl) is called Thampuran’s Line.

We have z ∈ cl(A) iff for all N ∈ R(z) we have N ∩ A ≠ ∅, thus

cl(A) =

[inf A, sup A] if inf A ∈ R and sup A ∈ R (−∞, sup A] if ̸∃ inf A and sup A ∈ R [inf A, +∞) if inf A ∈ R and ̸∃ sup A

R if ̸∃ inf A and ̸∃ sup A ∅ if A = ∅

(10)

Note that R(x) is a neighborhood basis of x.

It is clear therefore that (K0), (K1), and (K2) are satisfied. Furthermore, cl is idempotent. However, the closure is not additive as the example of a set with two points A = {x, y} shows. We have cl(A) = [x, y] but cl({x}) = {x} and cl({y}) = {y}. Thampuran’s line is therefore a convex closure space.

Let A and B be two disjoint non-empty closed sets. Then sup A, inf B ∈ R. We set α = (sup A + inf B)/2, N^′ = {z|z < α}, and N^{′′} = {z|z < α}. We have int(N^′) = R \ cl(R \ N^′) = R \ cl({z|z ≥ α}) = R \ {z|z ≥ α} = {z|z < α} = N^′. Since A ⊆ int(N^′) we have N^′ ∈ N (A) and analogously N^{′′} ∈ N (B). By construction N^′ ∩ N^{′′} = ∅, i.e., Thampuran’s line satisfies (tN). From Lemma 18 we see that T is normal.

On the other hand, there is no Urysohn function separating sets A and B as above. Suppose υ : T → [0, 1] (with the standard topology) is continuous and υ(A) = 0, υ(B) = 1. If υ(x) = y with y ≠ 0, 1 then, for all ϵ > 0, there is a neighborhood N of x such that υ(N) ⊆ (y − ϵ, y + ϵ). By definition each neighborhood contains a set from R thus either A or B is a subset of N, i.e., either y = 0 or y = 1. Now suppose υ(x) = 0 and for all η > 0 there is a y ∈ (x − η, x + η) such that υ(y) = 1. Since N = (−∞, x + η) is a neighborhood of x we see that υ(N) < ϵ for sufficiently small η and any given ϵ > 0, and hence even υ(N) = 1. Thus a continuous function υ cannot “switch” from 0 to 1 anywhere, i.e., there is no Urysohn function separating sets A and B. ◁ It is shown in [30] that a neighborhood space (X, cl) is normal if and only if for any two nonempty sets A, B with disjoint closures cl(A) ∩ cl(B) = ∅ there is a continuous function τ : (X, cl) → T ∩ [0, 1] such that τ(A) = {0} and τ(B) = {1}.

7. Completely Normal Spaces

Definition 21. A closure space (X, cl) is (CN) completely normal if any two semi-separated sets are separated.

(T5) if it is (T1) and completely normal.

(CNU) completely Urysohn-normal if each pair of semi-separated sets is Urysohnseparated.

(T5U) if it is (T1) and completely Urysohn- normal.

Both (CN) and (CNU), and therefore also (T5) and (T5U), are hereditary.

Lemma 22. (CNU) =⇒ (CN) =⇒ (QN), and (UN) =⇒ (N).

Proof. The implications (CNU) =⇒ (CN) and (CN) =⇒ (QN) follow directly from the definitions. In order to see (CNU) =⇒ (N) we recall that A ‖ ‖B implies cl(A) ‖ ‖cl(B) which in turn implies that A and B are separated. □

Every subspace of a completely normal neighborhood space is normal. In topological spaces the converse it true as well, i.e., if every subspace of (X, cl) is normal then (X, cl) is completely normal. This appears not to be true in general neighborhood spaces because the proof of this result, e.g. in [2, 30.A.4], depends on the observation that Y = X \ (cl(A) ∩ cl(B)) is an open set in X but not on the additivity of the closure. Thus we have

Lemma 23. A convex closure space is hereditarily normal if and only if it is completely normal.

8. Summary

In all neighborhood spaces (i.e., generalized topologies with an expansive closure function) the following implications hold:

T5U =⇒ T4U =⇒ T3^1_2 =⇒ T2U ⇓ ⇓ ⇓ ⇓ T5 =⇒ T4 =⇒ T3 =⇒ T2^1_2 =⇒ T2 =⇒ T1 =⇒ T0

CNU =⇒ UN =⇒ N ⇓ ⇓ CN =⇒ QN =⇒ tN

Acknowledgements. This work was supported in part by the Austrian Fonds zur Förderung der Wissenschaftlichen Forschung, Proj. No. 13887-MOB. The hospitality of Yale University’s Ecology and Evolutionary Biology Department, where part of this work was performed during a visit in November 2001, is gratefully acknowledged.

References

[1] H. L. Bentley and E. Lowen-Colebunders. Completely regular spaces. Comment. Math. Univ.

Carolinae, 32:129–154, 1991.

[2] E. Čech. Topological Spaces. Wiley, London, 1966.

Higher Separation Axioms in Generalized Closure Spaces 11

[3] C. H. Cook and H. R. Fischer. Regular convergence spaces. Math. Ann., 174:1–7, 1967. [4] B. A. Davey and H. A. Priestley. Introduction to Lattice and Order. Cambridge Univ. Press, Cambridge UK, 1990.

[5] M. M. Day. Convergence, closure, and neighborhoods. Duke Math. J., 11:181–199, 1944. [6] U. Eckhardt and L. Latecki. Digital topology. In Current Topics in Pattern Recognition Research. Council of Scientific Information, Vilayil Gardens, Trivandrum, India, 1994.

[7] H. R. Fischer. Limesräume. Math. Annalen, 137:269–303, 1959.

[8] W. Fontana and P. Schuster. Continuity in evolution: On the nature of transitions. Science, 280:1451–1455, 1998.

[9] W. Fontana and P. Schuster. Shaping space: The possible and the attainable in RNA genotypephenotype mapping. J. Theor. Biol., 194:491–515, 1998.

[10] A. Galton. Continuous motion in discrete space. In A. G. Cohn, F. Giunchiglia, and B. Selman, editors, Principles of Knowledge Representation and Reasoning: Proceedings of the Seventh International Conference (KR2000), pages 26–37, San Francisco, CA, 2000. Morgan Kaufmann Publishers.

[11] G. C. Gastl and P. C. Hammer. Extended topology. Neighborhoods and convergents. In N.N., editor, Proceedings of the Colloquium on Convexity 1965, pages 104–116, Copenhagen, DK, 1967. Københavns Univ. Matematiske Inst.

[12] P. Gitchoff and G. P. Wagner. Recombination induced hypergraphs: a new approach to mutation-recombination isomorphism. Complexity, 2:37–43, 1996.

[13] S. Gniłka. On extended topologies. I: Closure operators. Ann. Soc. Math. Pol., Ser. I, Commentat. Math., 34:81–94, 1994.

[14] S. Gniłka. On extended topologies. II: Compactness, quasi-metrizability, symmetry. Ann. Soc.

Math. Pol., Ser. I, Commentat. Math., 35:147–162, 1995.

[15] S. Gniłka. On continuity in extended topologies. Ann. Soc. Math. Pol., Ser. I, Commentat.

Math., 37:99–108, 1997.

[16] P. C. Hammer. Extended topology: Set-valued set functions. Nieuw Arch. Wisk. III, 10:55–77, 1962.

[17] P. C. Hammer. Extended topology: Continuity I. Portug. Math., 25:77–93, 1964. [18] F. Hausdorff. Gestufte Räume. Fund. Math., 25:486–502, 1935.

[19] H. H. Keller. Die Limes-Uniformisierbarkeit der Limesräume. Math. Ann., 176:334–341, 1968. [20] D. C. Kent. On convergence groups and convergence uniformities. Fund. Math., 60:213–222, 1967.

[21] M. Paoli and E. Ripoli. Convergence subspaces and normality. Ital. J. Pure Appl. Math., 1:91– 99, 1997.

[22] G. Preuß. Convenient topology. Math. Japonica, 47:171–183, 1998.

[23] G. Preuss. Higher separation axioms, paracompactness and dimension for semiuniform convergence spaces. Sci. Math., 2:321–335, 1999.

[24] A. Rosenfeld. Digital topology. American Mathematical Monthly, 86:621–630, 1979. [25] N. Šanin. On separation in topological space. Dok. Akad. Nauk SSSR, 38:110–113, 1943. [26] W. P. Soltan. An Introduction in Axiomatic Theory of Convexity. Shtiintsa, Kishinev, 1984.

Russian.

[27] B. M. R. Stadler and P. F. Stadler. Generalized topological spaces in evolutionary theory and combinatorial chemistry. J. Chem. Inf. Comput. Sci., 2001. In press; Proceedings MCC 2001, Dubrovnik.

[28] B. M. R. Stadler, P. F. Stadler, M. Shpak, and G. P. Wagner. Recombination spaces, metrics, and pretopologies. Z. Phys. Chem., 2001. in press, SFI preprint 01-02-011.

[29] B. M. R. Stadler, P. F. Stadler, G. Wagner, and W. Fontana. The topology of the possible:

Formal spaces underlying patterns of evolutionary change. J. Theor. Biol., 213:241–274, 2001. [30] D. Thampuran. Normal neighborhood spaces. Rend. Sem. Mat. Univ. Padova, 45:95–97, 1971.