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Leonardo da Pisa 
„Fibonacci“  

~1180 – ~1240  

Fibonacci series: 1,1,2,3,5,8,13,21,… 



Leonhard Euler,  
1717 – 1783 

geometric progression                        exponential function 

Thomas Robert Malthus, 
1766 – 1834 



Pierre-François Verhulst, 
1804-1849 

the logistic equation: Verhulst 1838 

the consequence of finite resources 
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population:    = {X} 



fitness values: f1 = 2.80, f2 = 2.35, f3 = 2.25, and f4 = 1.75  

population:    = {X1, X2, X3, X4} 

logistic growth leads to natural selection in heterogeneous populations 
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The chemistry and the mathematics of reproduction 

autocatalysis 

competition 

   selection of the fittest 



f1 = 1 , f2 = 2 , f3 = 3 , f4 = 7 

before the development of molecular biology mutation was 
treated as a “deus ex machina”  



Charles Darwin‘s five ideas: 
 
(i)  evolution has happened and species change, 

 
(ii)  multiplication of species led to biological diversity, 

 
(iii)  all life had a common ancestor, 

 
(iv)  all change happened gradually, and 

 
(v)  natural selection. 

Ernst Mayr, Ulrich Kutschera 



© SA by Ian Alexander, 2017 
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p ...... mutation rate per site  
and replication  

DNA replication and mutation 



evolution dependent on three basic parameters 



mutation matrix 
fitness landscape 

Manfred Eigen 
1927 -  
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Mutation and (correct) replication  as parallel chemical reactions 
 

M. Eigen. 1971. Naturwissenschaften 58:465,  
M. Eigen & P. Schuster.1977-78. Naturwissenschaften 64:541, 65:7 und 65:341 



fitness landscape 

Mutation and (correct) replication  as parallel chemical reactions 
 

M. Eigen. 1971. Naturwissenschaften 58:465,  
M. Eigen & P. Schuster.1977-78. Naturwissenschaften 64:541, 65:7 und 65:341 

mutation matrix 
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Manfred Eigen 
1927 -  



Manfred Eigen. 1971. Naturwissenschaften 58:465  

James F.Crow, Motoo Kimura. An introduction to population genetics theory.  
Harper & Row, New York, 1970, p.265 



the error threshold in replication 

quasispecies 

driving virus populations through threshold 
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error threshold and  
lethal mutagenesis 
 

Héctor Tejero, Aeturo Marín,  
Francisco Montero. 2010. 
J.Theor.Biol. 262:733-741. 



Selma Gago, Santiago F. Elena, Ricardo Flores, Rafael Sanjuán. 2009, Extremely high mutation rate 
of a hammerhead viroid. Science 323:1308. 

Mutation rate and genome size 



evolution dependent on three basic parameters 
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sequence of states 

driving force: 
 

availability of resources 



evolution dependent on three basic parameters 



stochastic hypercycles with n = 4 

stochastic hypercycles with n = 5 



oscillatory hypercycles:  simulation for n=4, enlargement 



mutation rate: p = 0.0000, p=0.0005, p = 0.0010 and  p = 0.0020 
  

oscillatory hypercycles:  simulation for n = 5, ‚pentagram‘ 
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the continuously fed stirred tank reactor (CFSTR) 



selection in the flow reactor 



probability of selection 

n = 3:  X1,  f1 = f + f / 2f ; X2,  f2 = f ; X3,  f3 = f - f / 2f ; f = 0.1 

initial particle numbers:  X1(0) = X2(0) = X3(0) =1   



1. Mathematical concepts before Darwin 
 

2. Theory of molecular evolution 
 

3. Evolution in realistically small populations 
 

4. Fitness landscapes and evolution 
 

5. Evolution and present day molecular genetics 



the multiplicity of gene replacements with two alleles on each locus 

+ ……..  wild type 
a ..........  alternative allele  
               on locus A 
                    : 
                    : 
                    : 
abcde … alternative alleles 
                on all five loci  

Sewall Wright. 1988. Surfaces of selective value revisited. American Naturalist 131:115-123 

Sewall Wright, 1889 - 1988 



Evolution is hill climbing of populations or subpopulations 

Sewall Wright. 1988. Surfaces of selective value revisited. American Naturalist 131:115-123 



fitness of RNA secondary structures through evaluation of phenotypes 



formation of RNA secondary structures as genotype-phenotype mapping 



RNA sequence – structure mappings 
 
 
1. ruggedness and neutrality 

 
2. existence of extended neutral networks 

 
3. shape space covering 



5‘-                                              -3‘ 

5‘-               -3‘ 

5‘- AGCUUACUUAGUGCGCU-3‘ 

the minimum free energy 
structure of a small RNA 

molecule 



AGCUUAACUUAGUCGCU 

1 A-G 1 A-U 

1 A-C 



reference 

frequencies of 51 point mutation 
structures and distances from the 

reference structure 



free energy of formation 
(G0) of  51 point mutants  
Of the reference sequence 

reference 



the flow reactor as a device for 
studying the evolution of molecules 

in vitro and in silico. 

replication rate constant 

(fitness): 

fk =  / [ + dS 
(k)] 

dS 
(k) = dH(Sk,S) 

 

selection pressure: 

The population size,  

N = # RNA molecules,  

is determined by the flow: 

 
 

mutation rate: 

p = 0.001 / nucleotide  replication  

NNtN ±≈)(



Walter Fontana, Wolfgang Schnabl, and 
Peter Schuster, Phys.Rev.A 40:3301-3321, 1989 



structure of 
randomly chosen 
initial sequence 

phenylalanyl-tRNA  
as target structure 

evolution in silico. 
 

W. Fontana, P. Schuster, Science 280 (1998), 1451-1455 



spreading of the population 
on neutral networks 

drift of the population center 
in sequence space 

evolutionary trajectory 



spreading and evolution of a population on a neutral network:  t = 150 



Spreading and evolution of a population on a neutral network:  t = 150 



Spreading and evolution of a population on a neutral network:  t = 170 



Spreading and evolution of a population on a neutral network:  t = 200 



Spreading and evolution of a population on a neutral network:  t = 350 



Spreading and evolution of a population on a neutral network:  t = 500 



Spreading and evolution of a population on a neutral network:  t = 650 



Spreading and evolution of a population on a neutral network:  t = 820 



Spreading and evolution of a population on a neutral network:  t = 825 



Spreading and evolution of a population on a neutral network:  t = 830 



Spreading and evolution of a population on a neutral network:  t = 835 



Spreading and evolution of a population on a neutral network:  t = 840 



Spreading and evolution of a population on a neutral network:  t = 845 



Spreading and evolution of a population on a neutral network:  t = 850 



Spreading and evolution of a population on a neutral network:  t = 855 



Darwinian evolution and optimization 



molecular evolution and optimization 



stochastic evolution and optimization 



random drift and optimization 
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An epigenetic trait is a stably 
inheritable phenotype resulting 
from chages in a chromosome 

without alterations in the DNA 
sequence. 

definition of epigenetic trait. 
Cold Spring Harbor-Symposium, December 2008 



What else is epigenetics than 
a funny form of enzymology ? 
  
Each protein, after all, comes 
from some piece of DNA.  

Sydney Brenner, 
Wageningen, NL,  2010 



Theory – mathematics and computation – 
cannot  remove complexity, but it shows what 
kind of regular behavior can be expected and 
what experiments have to be done to get a 
grasp on the irregularities. 

Manfred Eigen. In: E. Domingo et al., eds. 
Origin and Evolution of Viruses, second edition. 
Elsevier – Academic Press, Amsterdam, NL, 2008 
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Peter Stadler, Bärbel M. Stadler, Universität Leipzig, GE 
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Universität Wien 
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Thank you for your attention! 
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. I was taught in the pregenomic era to be a 
hunter. I learnt how to identify the wild beasts 
and how to go out, hunt them down and kill 
them. We are now urged to be gatherers, to 
collect everything lying around and put it into 
storehouses. 

Someday, it is assumed, someone will come and 
sort through the storehouses, discard all the 
junk, and keep the rare finds. The only 
difficulty is how to recognize them. Sydney Brenner, 1927 - 

Sydney Brenner. Hunters and gatherers. The Scientist  16(4): 14, 2002 

the „big data“ problem in bioinformatics 



Sewall Wrights fitness landscape as metaphor for Darwinian evolution 

Sewall Wright. 1932. The roles of mutation, 
inbreeding, crossbreeding and selection in evolution. 
In: D.F.Jones, ed. Int. Proceedings of the Sixth 
International Congress on Genetics. Vol.1, 356-366. 
Ithaca, NY. 
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