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A  +  X    2 X    ……   asexual reproduction 

A  +  X + Y    X + Y  +  Z  {X,Y}   ……   sexual reproduction 

Two modes of reproduction in biology 

viruses, bacteria, some higher organisms (eukaryotes)  

most higher organisms (eukaryotes)  ……  obligatory with mammals  



Leonardo da Pisa 
„Fibonacci“ 
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The history of  exponential growth 



1, 2 , 4 , 8 ,16 , 32 , 64, 128 , ... 
 

geometric progression 

The history of  exponential growth 

Thomas Robert Malthus 
1766 – 1834 

Leonhard Euler, 1717 - 1783 
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The history of  exponential growth 



A  +  X    2 X    ……   asexual reproduction 
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Reproduction and exponential growth 



Comparison of curves for unlimited growth 
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Three necessary conditions for Darwinian evolution are: 
 
 

1. Multiplication, 
 

2. Variation, and 
 

3. Selection. 

Darwin discovered the principle of natural selection from 
empirical observations in nature. 

No attempt has been made to cast the principle 
into theorems. 



Pierre-François Verhulst, 
1804-1849 

The logistic equation, 1828 
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C  …… carrying capacity of the ecosystem 

Was known 30 years 
before the  

‘Origin of Species’ 



Generalization of the logistic equation to n variables yields selection  
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Darwin 

Generalization of the logistic equation to n variables yields selection  
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Evolutionary 
optimization 

{ }

0lim
1lim

,max

)(lim

,

1

max

=
=

=

=Φ=Φ

≠∞→

∞→

∞→

mjjt

mt

nm

mt

x
x

fff

ft



fftft jjj −=Φ−= )()(δφ

f1 = 0.99,  f2 = 1.00,  f3 = 1.01 
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simplex S3 is an invariant set         e3 …… “corner equilibrium” 

Phase diagram of Darwinian selection 



f1 = 1 , f2 = 2 , f3 = 3 , f4 = 7 

Before the development of molecular biology mutation was 
treated as a “deus ex machina”  
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Recombination in 
Mendelian genetics 

Gregor Mendel 
1822 - 1884 



Mendelian genetics 
 

The 1:3 rule 



The results of the individual experiments Gregor Mendel did with the garden 
pea pisum sativum. 



Darwin 

Ronald Fisher‘s selection equation: The genetical theory of natural selection. 
Oxford, UK, Clarendon Press, 1930. 

Ronald Fisher (1890-1962) 
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Mendel 

alleles: A1, A2, ..... , An 
 
frequencies:   xi = [Ai] ;  genotypes:  Ai·Aj  
 
fitness values:  aij = f (Ai·Aj), aij = aji 
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Fitness in Fisher’s 
selection equation 
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organism mutation rate 
per genome 

reproduction event 

RNA virus 1 replication 
retroviruses 0.1 replication 
bacteria 0.003 replication 
eukaryotes 0.003 cell division 
eukaryotes 0.01 – 0.1 sexual reproduction 

John W. Drake, Brian Charlesworth, Deborah Charlesworth and James F. Crow.  1998. 
Rates of spontaneous mutation. Genetics 148:1667-1686. 

Hermann J. Muller 
1890 - 1967 

Thomas H. Morgan 
1866 - 1945 



The logic of DNA (or RNA) replication and mutation 



The logic of DNA (or RNA) replication and mutation 



The logic of DNA (or RNA) replication and mutation 



Manfred Eigen 
1927 -  
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Mutation and (correct) replication  as parallel chemical reactions 
 

M. Eigen. 1971. Naturwissenschaften 58:465,  
M. Eigen & P. Schuster.1977. Naturwissenschaften 64:541, 65:7 und 65:341 



Mutation-selection equation: [Ii] = xi  0,  fi > 0, Qij  0 
  
 
  
  

 
Solutions are obtained after integrating factor transformation by means 

of an eigenvalue problem 
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The quasispecies is the long-time solution of the 
 mutation-selection equation. 

Definition of quasispecies 
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Phase diagram of the mutation-selection system 
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 Selection Selection-recombination Selection-mutation 

Method of 
solution 

integrating factor qualitative analysis integrating factor, 
eigenvalue problem 

Linearity yes no yes 

Optimization of  yes yes no 

Unique optimum yes no no optimum 

Invariance of Sn yes yes no 

Uniqueness of 
solution 

yes no yes 

Selection of fittest fittest/coexistence quasispecies 

 

Comparison of mathematical models of evolution 
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Motoo Kimura’s population genetics of 
neutral evolution.  

Evolutionary rate at the molecular level. 
Nature 217: 624-626, 1955. 

The Neutral Theory of Molecular Evolution. 
Cambridge University Press. Cambridge, 
UK, 1983. 

Motoo Kimura, 1924 - 1994 



Motoo Kimura 

mean time of fixation:    4 Ne … effective population size 

mean time of replacement:     -1 … reciprocal mutation rate 
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neutrality:  all probabilities are equivalent and the densities identical 
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Sequential extinction times Tk 



Sequential extinction times Tk 
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Sewall Wrights fitness landscape as metaphor for Darwinian evolution 

Sewall Wright. 1932. The roles of mutation, 
inbreeding, crossbreeding and selection in evolution. 
In: D.F.Jones, ed. Int. Proceedings of the Sixth 
International Congress on Genetics. Vol.1, 356-366. 
Ithaca, NY. 

Sewall Wright, 1889 - 1988 



Evolution as a global phenomenon in genotype space 



many genotypes                   one phenotype     



Complexity in molecular evolution 

W     =        G                       F 

0   ,  0   largest eigenvalue and eigenvector 

diagonalization of matrix  W 
 

„ complicated but not complex “ 

fitness landscape mutation matrix 

„ complex “ ( complex ) 

sequence                            structure 

„ complex “ 

mutation selection 



1. Prologue 
 

2. Mathematics of Darwin‘s natural selection 
 

3. Mendel, Fisher and population genetics 
 

4. Mutations and selection 
 

5. What means neutrality in evolution? 
 

6. Evolution in simple systems 
 

7. Some origins of complexity in biology 



Selma Gago, Santiago F. Elena, Ricardo Flores, Rafael Sanjuán. 2009. Extremely high mutation rate 
of a hammerhead viroid. Science 323:1308. 

Mutation rate and genome size 



Replicating molecules 



RNA replication by Q-replicase 
 

C. Weissmann, The making of a phage. 
FEBS Letters 40 (1974), S10-S18 

Charles Weissmann 
1931- 



Kinetics of RNA replication 
 

C.K. Biebricher, M. Eigen, W.C. Gardiner, Jr. 
Biochemistry 22:2544-2559, 1983 

Christof K. Biebricher,  
1941-2009 



Paul E. Phillipson, Peter Schuster. 2009. 
Modeling by nonlinear differential equations. 
Dissipative and conservative processes. 
World Scientific Publishing, Hackensack, NJ. 



Paul E. Phillipson, Peter Schuster. 2009. 
Modeling by nonlinear differential equations. 
Dissipative and conservative processes. 
World Scientific Publishing, Hackensack, NJ. 

replicase  e(t) 
 

plus strand  x+(t) 
minus strand  x-(t) 

 
total RNA concentration 

xtot(t) = x+(t) + x-(t) 
 

complemetary replication 



Application of molecular evolution to problems in biotechnology 



Viruses 



The error threshold in replication 

quasispecies 

driving virus populations through threshold 
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Application of quasispecies theory to the fight against viruses 

Esteban Domingo 
1943 - 



Molecular evolution of viruses 
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The bacterial cell as an example for 
the simplest form of autonomous life 

Escherichia coli genome: 
 
4 million nucleotides 
 

4460 genes 

The spatial structure of the bacterium Escherichia coli 



Evolution does not design with 
the eyes of an engineer, 
evolution works like a tinkerer. 

François Jacob. The Possible and the Actual. 
Pantheon Books, New York, 1982, and 
 

Evolutionary tinkering. Science 196 (1977), 
1161-1166.  

François Jacob, 1920-2013 



Sketch of a genetic and metabolic network 

1 2 3 4 5 6 7 8 9 10 11 12

Regulatory protein or RNA

Enzyme

Metabolite

Regulatory gene

Structural gene

A model genome with 12 genes



The reaction network of cellular metabolism published by Boehringer-Ingelheim. 



ENCyclopedia Of DNA Elements 



Coworkers 
 

Walter Fontana, Harvard Medical School, MA 
 

Josef Hofbauer, Universität Wien, AT 
 

Martin Nowak, Harvard University, MA 
 

Christian Reidys, University of Southern Denmark, Odense, DK 
 

Karl Sigmund, Universität Wien, AT 
 

Peter Stadler, Bärbel M. Stadler, Universität Leipzig, DE 
 

Thomas Wiehe, Universität Köln, DE 
 
 

Ivo L.Hofacker, Christoph Flamm, Universität Wien, AT 
 

Paul Phillipson, University of Boulder at Colorado, CO 
 

Christian Forst, University of Texas, Southwestern Medical School, TX 
 

Erich Bornberg-Bauer, Universität Münster, DE 
 

Universität Wien 



Thank you for your attention! 
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