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Definition and physical relevance of RNA secondary structures

RNA secondary structures are listings of Watson-Crick 
and GU wobble base pairs, which are free of knots and 
pseudokots. This definition allows for rigorous
mathematical analysis by means of combinatorics.

„Secondary structures are folding intermediates in the 
formation of full three-dimensional structures.“

Secondary structures have been and still are frequently 
used to predict and discuss RNA function.

D.Thirumalai, N.Lee, S.A.Woodson, and D.K.Klimov. 
Annu.Rev.Phys.Chem. 52:751-762 (2001):
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How to compute RNA secondary structures

Efficient algorithms based on dynamic programming are available for computation of 
minimum free energy and many suboptimal secondary structures for given sequences. 

M.Zuker and P.Stiegler. Nucleic Acids Res. 9:133-148 (1981)

M.Zuker, Science 244: 48-52 (1989)

Equilibrium partition function and base pairing probabilities in Boltzmann ensembles of 
suboptimal structures.
J.S.McCaskill. Biopolymers 29:1105-1190 (1990)

The Vienna RNA Package provides in addition: inverse folding (computing sequences 
for given secondary structures), computation of melting profiles from partition
functions, all suboptimal structures within a given energy interval, barrier tress of 
suboptimal structures, kinetic folding of RNA sequences, RNA-hybridization and 
RNA/DNA-hybridization through cofolding and kinetic cofolding of two and more 
sequences, simultaneous alignment of sequences and structures, etc..  
I.L.Hofacker, W. Fontana, P.F.Stadler, L.S.Bonhoeffer, M.Tacker, and P. Schuster. Mh.Chem.
125:167-188 (1994)

S.Wuchty, W.Fontana, I.L.Hofacker, and P.Schuster. Biopolymers 49:145-165 (1999)

C.Flamm, W.Fontana, I.L.Hofacker, and P.Schuster. RNA 6:325-338 (1999)

Vienna RNA Package: http://www.tbi.univie.ac.at



RNA sequence

RNA structure
of minimal free 

energy

RNA folding:

Structural biology,
spectroscopy of 
biomolecules, 
understanding 

molecular function
Empirical parameters

Biophysical chemistry: 
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Minimum free energy
criterion

Inverse folding of RNA secondary structures

1st
2nd
3rd  trial
4th
5th

The inverse folding algorithm searches for sequences that form a given RNA 
secondary structure under the minimum free energy criterion. 
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GGCUAUCGUACGUUUACCCAAAAGUCUACGUUGGACCCAGGCAUUGGACG

One error neighborhood – Surrounding of an RNA molecule in sequence and shape space
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The sourroundings of RNA sequences
in sequence space do not resemble 
segments of smooth landscapes. They 
are rather indicating a very high degree 
of ruggedness ... 

Mount Fuji

Example of a smooth landscape on Earth



Dolomites

Bryce Canyon

Examples of rugged landscapes on Earth



Number Mean Value Variance     Std.Dev.
Total Hamming Distance:      150000     11.647973    23.140715  4.810480
Nonzero Hamming Distance:     99875     16.949991    30.757651 5.545958
Degree of Neutrality:         50125      0.334167 0.006961     0.083434
Number of Structures:          1000 52.31 85.30 9.24

1 (((((.((((..(((......)))..)))).))).))............. 50125 0.334167
2 ..(((.((((..(((......)))..)))).)))................ 2856 0.019040
3 ((((((((((..(((......)))..)))))))).))............. 2799 0.018660
4 (((((.((((..((((....))))..)))).))).)).............     2417 0.016113
5 (((((.((((.((((......)))).)))).))).)).............     2265 0.015100
6 (((((.(((((.(((......))).))))).))).)).............     2233 0.014887
7 (((((..(((..(((......)))..)))..))).)).............     1442 0.009613
8 (((((.((((..((........))..)))).))).)).............     1081 0.007207
9 ((((..((((..(((......)))..))))..)).)).............     1025 0.006833

10 (((((.((((..(((......)))..)))).)))))..............     1003 0.006687
11 .((((.((((..(((......)))..)))).))))...............      963 0.006420
12 (((((.(((...(((......)))...))).))).)).............      860 0.005733
13 (((((.((((..(((......)))..)))).)).))).............      800 0.005333
14 (((((.((((...((......))...)))).))).)).............      548 0.003653
15 (((((.((((................)))).))).)).............      362 0.002413
16 ((.((.((((..(((......)))..)))).))..)).............      337 0.002247
17 (.(((.((((..(((......)))..)))).))).)..............      241 0.001607
18 (((((.(((((((((......))))))))).))).)).............      231 0.001540
19 ((((..((((..(((......)))..))))...)))).............      225 0.001500
20 ((....((((..(((......)))..)))).....)).............      202 0.001347 G
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Shadow – Surrounding of an RNA structure in shape space – AUGC alphabet

Number Mean Value Variance     Std.Dev.
Total Hamming Distance:      150000     11.647973    23.140715  4.810480
Nonzero Hamming Distance:     99875     16.949991    30.757651 5.545958
Degree of Neutrality:         50125      0.334167 0.006961     0.083434
Number of Structures:          1000 52.31 85.30 9.24

1 (((((.((((..(((......)))..)))).))).))............. 50125 0.334167
2 ..(((.((((..(((......)))..)))).)))................ 2856 0.019040
3 ((((((((((..(((......)))..)))))))).))............. 2799 0.018660
4 (((((.((((..((((....))))..)))).))).)).............     2417 0.016113
5 (((((.((((.((((......)))).)))).))).)).............     2265 0.015100
6 (((((.(((((.(((......))).))))).))).)).............     2233 0.014887
7 (((((..(((..(((......)))..)))..))).)).............     1442 0.009613
8 (((((.((((..((........))..)))).))).)).............     1081 0.007207
9 ((((..((((..(((......)))..))))..)).)).............     1025 0.006833

10 (((((.((((..(((......)))..)))).)))))..............     1003 0.006687
11 .((((.((((..(((......)))..)))).))))...............      963 0.006420
12 (((((.(((...(((......)))...))).))).)).............      860 0.005733
13 (((((.((((..(((......)))..)))).)).))).............      800 0.005333
14 (((((.((((...((......))...)))).))).)).............      548 0.003653
15 (((((.((((................)))).))).)).............      362 0.002413
16 ((.((.((((..(((......)))..)))).))..)).............      337 0.002247
17 (.(((.((((..(((......)))..)))).))).)..............      241 0.001607
18 (((((.(((((((((......))))))))).))).)).............      231 0.001540
19 ((((..((((..(((......)))..))))...)))).............      225 0.001500
20 ((....((((..(((......)))..)))).....)).............      202 0.001347



Number Mean Value Variance     Std.Dev.
Total Hamming Distance:       50000     13.673580    10.795762  3.285691
Nonzero Hamming Distance:     45738     14.872054    10.821236 3.289565
Degree of Neutrality:          4262      0.085240 0.001824     0.042708
Number of Structures:          1000 36.24 6.27         2.50

1 (((((.((((..(((......)))..)))).))).)).............     4262 0.085240
2 ((((((((((..(((......)))..)))))))).)).............     1940 0.038800
3 (((((.(((((.(((......))).))))).))).)).............     1791 0.035820
4 (((((.((((.((((......)))).)))).))).)).............     1752 0.035040
5 (((((.((((..((((....))))..)))).))).)).............     1423 0.028460
6 (.(((.((((..(((......)))..)))).))).)..............      665 0.013300
7 (((((.((((..((........))..)))).))).)).............      308 0.006160
8 (((((.((((..(((......)))..)))).)))))..............      280 0.005600
9 (((((.((((..(((......)))..)))).))).))...(((....)))      278 0.005560

10 (((((.(((...(((......)))...))).))).)).............      209 0.004180
11 (((((.((((..(((......)))..)))).))).)).(((......)))      193 0.003860
12 (((((.((((..(((......)))..)))).))).))..(((.....)))      180 0.003600
13 (((((.((((..((((.....)))).)))).))).)).............      180 0.003600
14 ..(((.((((..(((......)))..)))).)))................      176 0.003520
15 (((((.((((.((((.....))))..)))).))).)).............      175 0.003500
16 (((((.((((..(((......)))..)))))))))...............      167 0.003340
17 (((((.((((...((......))...)))).))).)).............      157 0.003140
18 (((((.(.((..(((......)))..)).).))).)).............      140 0.002800
19 (((((..(((..(((......)))..)))..))).)).............      137 0.002740
20 .((((.((((..(((......)))..)))).))))...............      127 0.002540 C
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Number Mean Value Variance     Std.Dev.
Total Hamming Distance:       50000     13.673580    10.795762  3.285691
Nonzero Hamming Distance:     45738     14.872054    10.821236 3.289565
Degree of Neutrality:          4262      0.085240 0.001824     0.042708
Number of Structures:          1000 36.24 6.27         2.50

1 (((((.((((..(((......)))..)))).))).)).............     4262 0.085240
2 ((((((((((..(((......)))..)))))))).)).............     1940 0.038800
3 (((((.(((((.(((......))).))))).))).)).............     1791 0.035820
4 (((((.((((.((((......)))).)))).))).)).............     1752 0.035040
5 (((((.((((..((((....))))..)))).))).)).............     1423 0.028460
6 (.(((.((((..(((......)))..)))).))).)..............      665 0.013300
7 (((((.((((..((........))..)))).))).)).............      308 0.006160
8 (((((.((((..(((......)))..)))).)))))..............      280 0.005600
9 (((((.((((..(((......)))..)))).))).))...(((....)))      278 0.005560

10 (((((.(((...(((......)))...))).))).)).............      209 0.004180
11 (((((.((((..(((......)))..)))).))).)).(((......)))      193 0.003860
12 (((((.((((..(((......)))..)))).))).))..(((.....)))      180 0.003600
13 (((((.((((..((((.....)))).)))).))).)).............      180 0.003600
14 ..(((.((((..(((......)))..)))).)))................      176 0.003520
15 (((((.((((.((((.....))))..)))).))).)).............      175 0.003500
16 (((((.((((..(((......)))..)))))))))...............      167 0.003340
17 (((((.((((...((......))...)))).))).)).............      157 0.003140
18 (((((.(.((..(((......)))..)).).))).)).............      140 0.002800
19 (((((..(((..(((......)))..)))..))).)).............      137 0.002740
20 .((((.((((..(((......)))..)))).))))...............      127 0.002540

Shadow – Surrounding of an RNA structure in shape space – GC alphabet



Computer simulation of RNA optimization

Walter Fontana and Peter Schuster,
Biophysical Chemistry 26:123-147, 1987

Walter Fontana, Wolfgang Schnabl, and
Peter Schuster, Phys.Rev.A 40:3301-3321, 1989





Walter Fontana, Wolfgang Schnabl, and
Peter Schuster, Phys.Rev.A 40:3301-3321, 1989



Evolution in silico

W. Fontana, P. Schuster, 
Science 280 (1998), 1451-1455



Stock Solution Reaction Mixture

Replication rate constant:

fk = / [ + dS
(k)]

dS
(k) = dH(Sk,S )

Selection constraint:

Population size, N = # RNA 
molecules, is controlled by 

the flow

Mutation rate:

p = 0.001 / site replication 

NNtN ±≈)(

The flowreactor as a 
device for studies of 
evolution in vitro and 
in silico
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Replication rate constant:

fk = / [ + dS
(k)]

dS
(k) = dH(Sk,S )

Evaluation of RNA secondary structures yields replication rate constants
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including molecular phenotypes
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In silico optimization in the flow reactor: Trajectory (biologists‘ view)

Time  (arbitrary units)

Av
er

ag
e 

di
st

an
ce

 fr
om

 in
iti

al
 s

tru
ct

ur
e 

 5
0 

-
d

   
S

500 750 1000 12502500

50

40

30

20

10

0

Evolutionary trajectory



In silico optimization in the flow reactor: Trajectory (physicists‘ view)
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Reconstruction of the last step 43 44
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Transition inducing point mutations Neutral point mutations

Change in RNA sequences during the final five relay steps 39 44



In silico optimization in the flow reactor: Trajectory and relay steps
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28 neutral point mutations during 
a long quasi-stationary epoch

Transition inducing point mutations Neutral point mutations

Neutral genotype evolution during phenotypic stasis 



Variation in genotype space during optimization of phenotypes

Mean Hamming distance within the population and drift velocity of the population center
in sequence space. 



Spread of population in sequence space during a quasistationary epoch:  t = 150



Spread of population in sequence space during a quasistationary epoch:  t = 170



Spread of population in sequence space during a quasistationary epoch:  t = 200



Spread of population in sequence space during a quasistationary epoch:  t = 350



Spread of population in sequence space during a quasistationary epoch:  t = 500



Spread of population in sequence space during a quasistationary epoch:  t = 650



Spread of population in sequence space during a quasistationary epoch:  t = 820



Spread of population in sequence space during a quasistationary epoch:  t = 825



Spread of population in sequence space during a quasistationary epoch:  t = 830



Spread of population in sequence space during a quasistationary epoch:  t = 835



Spread of population in sequence space during a quasistationary epoch:  t = 840



Spread of population in sequence space during a quasistationary epoch:  t = 845



Spread of population in sequence space during a quasistationary epoch:  t = 850



Spread of population in sequence space during a quasistationary epoch:  t = 855



Runtime of trajectories

Fr
eq

ue
nc

y

0 1000 2000 3000 4000 5000
0

0.05

0.1

0.15

0.2

Statistics of the lengths of trajectories from initial structure to target (AUGC-sequences)



Mean population size: N = 3000 ;   mutation rate: p = 0.001

Statistics of trajectories and relay series (mean values of log-normal distributions).

AUGC neutral networks of tRNAs are near the connectivity threshold, GC neutral 
networks are way below.

Alphabet Real time Transitions Major transitions Sample size 

AUGC 398.3 22.8 12.7 1199 

GUC 448.9 30.5 16.5 611 

GC 1908.7 38.7 20.1 278 
 



Initial state

Target

Extinction

Replication, mutation
and dilution
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Genotype Space
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Start of Walk

End of Walk

Evolutionary optimization in absence of neutral paths in sequence space



Genotype Space
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Random Drift Periods

Adaptive Periods

Evolutionary optimization including neutral paths in sequence space



Dolomites

Bryce Canyon

Examples of rugged landscapes on Earth



Grand Canyon

Example of a landscape on Earth with ‘neutral’ 
ridges and plateaus



No new principle will declare itself 
from below a heap of facts.

Sir Peter Medawar, 1985



A mapping  and its inversion

Gk = ( )    | ( ) =  -1 US I Sk j j kI

( ) = I Sj k

Space of genotypes:        = {I

   S

I I I I I

S S S S S

1 2 3 4 N

1 2 3 4 M

, , , , ... , } ;  Hamming metric

Space of phenotypes: , , , , ... , } ;  metric (not required)

N  M

 = {



.... GC UC ....CA

.... GC UC ....GU

.... GC UC ....GA .... GC UC ....CU

d =1H

d =1H

d =2H

City-block distance in sequence space 2D Sketch of sequence space

Single point mutations as moves in sequence space



CGTCGTTACAATTTA GTTATGTGCGAATTC CAAATT AAAA ACAAGAG.....

CGTCGTTACAATTTA GTTATGTGCGAATTC CAAATT AAAA ACAAGAG.....

G A G T

A C A C

Hamming distance  d (I ,I ) = H 1 2 4

d (I ,I ) = 0H 1 1

d (I ,I ) = d (I ,I )H H1 2 2 1

d (I ,I )  d (I ,I ) + d (I ,I )H H H1 3 1 2 2 3

(i)

(ii)

(iii)

The Hamming distance between sequences induces a metric in sequence space



Hamming distance  d (S ,S ) = H 1 2 4

d (S ,S ) = 0H 1 1

d (S ,S ) = d (S ,S )H H1 2 2 1

d (S ,S )  d (S ,S ) + d (S ,S )H H H1 3 1 2 2 3

(i)

(ii)

(iii)

The Hamming distance between  structures in parentheses notation forms a metric 
in structure space



Sk I.   = ( )ψ
fk f Sk   = ( )

Sequence space Structure space Real  numbers

Mapping from sequence space into structure space and into function



Sk I.   = ( )ψ
fk f Sk   = ( )

Sequence space Structure space Real  numbers



Sk I.   = ( )ψ

Sequence space Structure space



Sk I.   = ( )ψ

Sequence space Structure space

The pre-image of the structure Sk in sequence space is the neutral network Gk



Degree of neutrality of neutral networks and the connectivity threshold

n = 9 ;  3n = 27 



Degree of neutrality of neutral networks and the connectivity threshold



λj =   27 = 0.444/12

“j”

Degree of neutrality of neutral networks and the connectivity threshold



λj =   27 = 0.444/12

λk = 
 (k)j

| |Gk

G S Sk k k = ( )    | ( ) =  -1 U I Ij j

Degree of neutrality of neutral networks and the connectivity threshold



λj =   27 = 0.444/12

λk = 
 (k)j

| |Gk

λ λk cr  . . . .> 

λ λk cr  . . . .< 

  network  is connectedGk

  network  is  connectedGk not

λ κ cr = 1 - -1 ( 1)/ κ-Connectivity threshold:

G S Sk k k = ( )    | ( ) =  -1 U I Ij j

Degree of neutrality of neutral networks and the connectivity threshold



λj =   27 = 0.444/12

λk = 
 (k)j

| |Gk

λ λk cr  . . . .> 

λ λk cr  . . . .< 

  network  is connectedGk

  network  is  connectedGk not

λ κ cr = 1 - -1 ( 1)/ κ-Connectivity threshold:

G S Sk k k = ( )    | ( ) =  -1 U I Ij j

Alphabet size   :
cr

2 0.5

3 0.423

4 0.370 AUGC

AUG , UGC

AU,GC,DU

Degree of neutrality of neutral networks and the connectivity threshold



Giant Component

A multi-component neutral network formed by a rare structure:  < cr



A connected neutral network formed by a common structure:  > cr



Reference for postulation and in silico verification of neutral networks



5'-End5'-End 5'-End5'-End

3'-End3'-End 3'-End3'-End
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6060
6060

5050 5050

4040 4040 3030 3030

20
20 20

20

1010 1010

Alphabet Degree of neutrality    

AU

AUG

AUGC

UGC

GC

- -

- -

0.275   0.064

0.263  0.071

0.052  0.033

- -

0.217  0.051

0.279   0.063

0.257  0.070

0.057  0.034

0.073  0.032

0.201  0.056

0.313   0.058

0.250  0.064

0.068  0.034

Degree of neutrality of cloverleaf RNA secondary structures over different alphabets



Mean population size: N = 3000 ;   mutation rate: p = 0.001

Statistics of trajectories and relay series (mean values of log-normal distributions).

AUGC neutral networks of tRNAs are near the connectivity threshold, GC neutral 
networks are way below.

Alphabet Real time Transitions Major transitions Sample size 

AUGC 398.3 22.8 12.7 1199 

GUC 448.9 30.5 16.5 611 

GC 1908.7 38.7 20.1 278 
 



1. RNA structures

2. Neutrality and RNA optimization

3. Kinetic folding of RNA

4. RNA switches and their design
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Kinetic Folding of RNA Secondary Structures

Christoph Flamm, Walter Fontana, Ivo L. Hofacker, Peter Schuster. RNA folding kinetics 
at elementary step resolution. RNA 6:325-338, 2000

Christoph Flamm, Ivo L. Hofacker, Sebastian Maurer-Stroh, Peter F. Stadler, Martin Zehl. 
Design of multistable RNA molecules. RNA 7:325-338, 2001



The Folding Algorithm

A sequence I specifies an energy ordered set of 
compatible structures S(I):

S(I)  =  {S0 , S1 , … , Sm , O}

A trajectory Tk(I) is a time ordered series of 
structures in S(I). A folding trajectory is 
defined by starting with the open chain O and 
ending with the global minimum free energy 
structure S0 or a metastable structure Sk which 
represents a local energy minimum:

T0(I)  =  {O , S (1) , … , S (t-1) , S (t) , 
S (t+1) , … , S0}

Tk(I)  =  {O , S (1) , … , S (t-1) , S (t) , 
S (t+1) , … , Sk}

Transition probabilities Pij(t) = Prob{Si→Sj} are 
defined by

Pij(t) = Pi(t) kij = Pi(t) exp(-∆Gij/2RT) / Σi

Pji(t) = Pj(t) kji = Pj(t) exp(-∆Gji/2RT) / Σj

exp(-∆Gki/2RT)

The symmetric rule for transition rate parameters is due 
to Kawasaki  (K. Kawasaki, Diffusion constants near 
the critical point for time depen-dent Ising models. 
Phys.Rev. 145:224-230, 1966).

∑ +

≠=
=Σ

2

,1

m

ikkk

Formulation of kinetic RNA folding as a stochastic process



Base pair formationBase pair formation

Base pair cleavageBase pair cleavage

Base pair formation and base pair cleavage moves for nucleation and elongation of stacks



Base pair shift

Base pair shift move of class 1: Shift inside internal loops or bulges



Mean folding curves for three small RNA molecules with different folding behavior

I1 = ACUGAUCGUAGUCAC
I2 = AUUGAGCAUAUUCAC
I3 = CGGGCUAUUUAGCUG

S0 =  • • ( ( ( ( • • • • ) ) ) ) •
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Search for local minima in 
conformation space



Fr
ee

 e
ne

rg
y 

  
G

0

"Reaction coordinate"

Sk

S{Saddle point   T   {k 

Fr
ee

 e
ne

rg
y 

  
G

0

Sk

S{

T   {k 

"Barrier tree"
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I1 = ACUGAUCGUAGUCAC
S0

S1

S2

S3

O

Example of an unefficiently folding small RNA molecule with n = 15



I2 = AUUGAGCAUAUUCAC
S0

S1

S4

S2
S3

O

Example of an easily folding small RNA molecule with n = 15



I3 = CGGGCUAUUUAGCUG

S0

S1

S2

S3

O

Example of an easily folding 
and especially stable small
RNA molecule with n = 15



GCGGAU AUUCGCUUA AGUUGGGA G CUGAAGA AGGUC UUCGAUC A ACCAGCUC GAGC CCAGA UCUGG CUGUG CACAG

GCGGAU AUUCGCUUA AGDDGGGA M CUGAAYA AGMUC TPCGAUC A ACCAGCUC GAGC CCAGA UCUGG CUGUG CACAG

Kinetic folding of phenylalanyl-tRNA



modified

unmodified

Folding dynamics of tRNAphe with and without modified nucelotides



Barrier tree of tRNAphe without modified nucelotides



Folding dynamics of the sequence  GGCCCCUUUGGGGGCCAGACCCCUAAAAAGGGUC
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Structure S  0

Structure S  1

The intersection of two compatible sets is always non empty:  C0 C1



Reference for the definition of the intersection 
and the proof of the intersection theorem



1. RNA structures

2. Neutrality and RNA optimization

3. Kinetic folding of RNA

4. RNA switches and their design







A ribozyme switch

E.A.Schultes, D.B.Bartel, Science 
289 (2000), 448-452



Two ribozymes of chain lengths n = 88 nucleotides: An artificial ligase (A) and a natural cleavage 
ribozyme of hepatitis- -virus (B)



The sequence at the intersection: 

An RNA molecules which is 88 
nucleotides long and can form both 
structures



Two neutral walks through sequence space with conservation of structure and catalytic activity



Sequence of mutants from the intersection to both reference ribozymes



J. H. A. Nagel, C. Flamm, I. L. Hofacker, K. Franke, M. H. de Smit, P. Schuster, and
C. W. A. Pleij. Structural parameters affecting the kinetic competition of RNA hairpin 
formation, in press 2004.

J. H. A. Nagel, J. Møller-Jensen, C. Flamm, K. J. Öistämö, J. Besnard, I. L. Hofacker, 
A. P. Gultyaev, M. H. de Smit, P. Schuster, K. Gerdes and C. W. A. Pleij. The refolding
mechanism of the metastable structure in the 5’-end of the hok mRNA of plasmid R1,
submitted 2004.



J.H.A. Nagel, C. Flamm, I.L. Hofacker, K. Franke, 
M.H. de Smit, P. Schuster, and C.W.A. Pleij.

Structural parameters affecting the kinetic competition of 
RNA hairpin formation, in press 2004.
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Structural parameters affecting the kinetic competition of 
RNA hairpin formation, in press 2004.
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The refolding mechanism of the metastable structure in the 5’-end of the hok mRNA of plasmid R1,
submitted 2004.
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Evidence for neutral networks and shape space covering
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