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The reaction network of cellular metabolism published by Boehringer-Ingelheim.



The citric acid 
or Krebs cycle 
(enlarged from 
previous slide).
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The forward problem of chemical reaction kinetics (Level I)



General conditions
Initial conditions 

 :  T ,  p , pH , I , ...
:

 ...    ...  S ,   u

Boundary conditions
boundary normal unit vector

Dirichlet

Neumann 

 :

:

:

)0(x

),( trgx S =

Time
t

C
on

ce
nt

ra
tio

n

( )x tSolution curves:   
xi(t)

Kinetic differential equations

);(2 kxfxD
t
x

+∇=
∂
∂

),,(;),,(;);( 11 mn kkkxxxkxf
td
xd

KK ===

Reaction diffusion equations

),(ˆ trgxu
u
x S =∇⋅=

∂
∂

Parameter set
mjIHppTkj ,,2,1;),,,,;I( G KK =

G
en

om
e:

  S
eq

ue
nc

e 
 I G

The forward problem of biochemical reaction kinetics (Level I)



The inverse problem of biochemical 
reaction kinetics (Level I) Time

t
Co

nc
en

tra
tio

n

Data from measurements

(t );  = 1, 2, ... , x j Nj

xi (t )j

Kinetic differential equations

);(2 kxfxD
t
x

+∇=
∂
∂

),,(;),,(;);( 11 mn kkkxxxkxf
td
xd

KK ===

Reaction diffusion equations

General conditions
Initial conditions 

 :  T ,  p , pH , I , ...
:

 ...    ...  S ,   u

Boundary conditions
boundary normal unit vector

Dirichlet

Neumann 

 :

:

:

)0(x

),( trgx S =

),(ˆ trgxu
u
x S =∇⋅=

∂
∂

Parameter set
mjIHppTk j ,,2,1;),,,,;I( G KK =

G
en

om
e:

  S
eq

ue
nc

e 
 I G



General conditions
Initial conditions 

 :  T ,  p , pH , I , ...
:

 ...    ...  S ,   u

Boundary conditions
boundary normal unit vector

Dirichlet

Neumann 

 :

:

:

)0(x

),( trgx S =

Kinetic differential equations

);(f2 kxxD
t
x

+∇=
∂
∂

),,(;),,(;);(f 11 mn kkkxxxkx
td
xd

KK ===

Reaction diffusion equations

),(ˆ trgxu
u
x S =∇⋅=

∂
∂

Parameter set
mjIHppTk j ,,2,1;),,,,;I( G KK =

G
en

om
e:

  S
eq

ue
nc

e 
 I G

Bifurcation analysis

( , ; )k ki j k

kj

ki

x t( )

time xn

xm

P

xn

xm

P

Pxn

xm

P

The forward problem of bifurcation analysis (Level II)



The inverse problem of bifurcation
analysis (Level II)
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Active states of gene regulation
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III
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Activator binding site

Inactive states of gene regulation
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Cross-regulation of two genes
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Qualitative analysis of cross-regulation of two genes:    Stationary points
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Qualitative analysis of cross-regulation of two genes:     Jacobian matrix
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Eigenvalues of the Jacobian of the 
cross-regulatory two gene system
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0 s < 0.5

one stable state

E: both genes off

0.5 < s

two stable states

E: both genes off
P: both genes on

Regulatory dynamics at D 0 , act.-act., n=2



Regulatory dynamics at D 0 , act.-rep., n=3

0 s < 1.29

one stable state

P: both genes on

1.29 < s

no stable state,

stable limit cycle



Regulatory dynamics at D < DHopf , act.-repr., n=3



Regulatory dynamics at D > DHopf , act.-repr., n=3



Regulatory dynamics at D 0 , rep.-rep., n=2

0 s < 0.79

one stable state

P: both genes on

0.79 < s

two stable states

P1: gene 1 on, gene 2 off
P2: gene 1 off, gene 2 on



Hill coefficient:  n Act.-Act. Act.-Rep. Rep.-Rep. 

1 S , E S S 

2 E , B(E,P) S S , B(P1,P2) 

3 E , B(E,P) S , O S , B(P1,P2) 

4 E , B(E,P) S , O S , B(P1,P2) 
 



11;2,1,

)(:teIntermedia

)(:Repression

)(:Activation

n2
321

m

n

n

n

−≤≤=

++++
=

+
=

+
=

nmji

ppp
p

pF

pK
KpF

pK
p

pF

jjj

j
ji

j
ji

j

j
ji

Kκκκ



Regulatory dynamics, int.-act., m=2, n=4



Regulatory dynamics, rep.-int., m=2, n=4
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Upscaling to more genes: n = 3



An example analyzed and simulated by MiniCellSim

The repressilator:  M.B. Ellowitz, S. Leibler. A synthetic oscillatory network of transcriptional 
regulators. Nature 403:335-338, 2002



Stable stationary state

Limit cycle oscillations

Fading oscillations 
caused by a stable 
heteroclinic orbit

Hopf bifurcation

Bifurcation to May-Leonhard system

Increasing 
inhibitor 
strength
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The repressilator limit cycle
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The repressilator heteroclinic orbit
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Stationarity approximation
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two stable states

E: both genes off
P: both genes on

Simplified two gene system (x1,x2): act2-act2



two stable states

P1: gene 1 on, gene 2 off

P2: gene 1 off, gene 2 on

Simplified two gene system (x1,x2): rep2-rep2



full two gene system: 
(q1,q2,p1,p2)

simplified two gene system: 
(x1,x2)

Bifurcation analysis



full two gene system:
„symmetric“ 
(q1,q2,p1,p2)

Bifurcation analysis

full two gene system:
„asymmetric“ 
(q1,q2,p1,p2)



full three gene system: 
(q1,q2,q3,p1,p2,p3)

Bifurcation analysis

simplified three gene system: 
(x1,x2,x3)
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J. Lu, H.W. Engl, P. Schuster. Inverse bifurcation analysis: Application to simple gene systems. 
AMB Algorithms for Molecular Biology 1, no.11, 2006.
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Switch or oscillatory behavior in Escherichia coli

T.S. Gardner, C.R. Cantor, J.J. Collins. Construction of a genetic toggle switch in 
Escherichia coli. Nature 403:339-342, 2000.
M.R. Atkinson, M.A. Savageau, T.J. Myers, A.J. Ninfa. Development of genetic 
circuitry exhibiting toggle switch or oscillatory behavior in Escherichia coli. Cell 
113:597-607, 2003.



Inverse bifurcation analysis of switch or oscillatory behavior in Escherichia coli

J. Lu, H.W. Engl, P. Schuster. Inverse bifurcation analysis: Application to simple 
gene systems. AMB Algorithms for Molecular Biology 1:11, 2006.
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Inverse bifurcation analysis of the repressilator model

S. Müller, J. Hofbauer, L. Endler, C. Flamm, S. Widder, P. Schuster. A generalized 
model of the repressilator. J. Math. Biol. 53:905-937, 2006.



Inverse bifurcation analysis of the repressilator model

J. Lu, H.W. Engl, P. Schuster. Inverse bifurcation analysis: Application to simple 
gene systems. AMB Algorithms for Molecular Biology 1:11, 2006.
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A simple dynamical cell cycle model

J.J.  Tyson, A. Csikasz-Nagy, B. Novak. The dynamics of cell cycle regulation. 
Bioessays 24:1095-1109, 2002



A simple dynamical cell cycle model

J.J.  Tyson, A. Csikasz-Nagy, B. Novak. The dynamics of cell cycle regulation. 
Bioessays 24:1095-1109, 2002



Inverse bifurcation analysis of a dynamical cell cycle model

J. Lu, H.W. Engl, P. Schuster. Inverse bifurcation analysis: Application to simple 
gene systems. AMB Algorithms for Molecular Biology 1:11, 2006.
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3. Conformational heterogeneity of biomolecules

4. High dimensionality of molecular dynamical systems

5. Spatial heterogeneity of cells and cell organelles
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Suitable systems for upscaling

1. Linear systems via large eigenvalue problems

2. Cascades

3. Cyclic systems

4. Sufficiently simple networks and flux analysis



Challenges of quantitative biology

1. Validation of data from different sources

2. Low particle numbers and stochasticity

3. Conformational heterogeneity of biomolecules

4. High dimensionality of molecular dynamical systems

5. Spatial heterogeneity of cells and cell organelles



The bacterial cell as an example for the 
simplest form of autonomous life

The human body:

1014 cells = 1013 eukaryotic cells + 
9 1013 bacterial (prokaryotic) cells, 

and 200 eukaryotic cell types

The spatial structure of the 
bacterium Escherichia coli
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