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Definition of RNA structure



A symbolic notation of RNA secondary structure that is equivalent to the conventional graphs



N = 4n

NS < 3n

Criterion:   Minimum free energy (mfe)

Rules:     _ ( _ ) _   {AU,CG,GC,GU,UA,UG}

A symbolic notation of RNA secondary structure that is equivalent to the conventional graphs



Conventional definition of RNA secondary structures
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Sequence space



CGTCGTTACAATTTA GTTATGTGCGAATTC CAAATT AAAA ACAAGAG.....

CGTCGTTACAATTTA GTTATGTGCGAATTC CAAATT AAAA ACAAGAG.....

G A G T

A C A C

Hamming distance  d (I ,I ) = H 1 2 4

d (I ,I ) = 0H 1 1

d (I ,I ) = d (I ,I )H H1 2 2 1

d (I ,I )  d (I ,I ) + d (I ,I )H H H1 3 1 2 2 3

(i)

(ii)

(iii)

The Hamming distance between sequences induces a metric in sequence space



Every point in sequence space is equivalent

Sequence space of binary sequences with chain length n = 5



Sequence space and structure space



Hamming distance  d (S ,S ) = H 1 2 4

d (S ,S ) = 0H 1 1

d (S ,S ) = d (S ,S )H H1 2 2 1

d (S ,S )  d (S ,S ) + d (S ,S )H H H1 3 1 2 2 3

(i)

(ii)

(iii)

The Hamming distance between  structures in parentheses notation forms a metric 
in structure space



Two measures of distance in shape space:

Hamming distance between structures, dH(Si,Sj) and base pair distance, dP(Si,Sj) 



Structures are not equivalent in structure space

Sketch of structure space
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Counting the numbers of structures of chain length n n+1

M.S. Waterman, T.F. Smith (1978) Math.Bioscience 42:257-266



RNA sequence

RNA structure
of minimal free 

energy

RNA folding:

Structural biology,
spectroscopy of 
biomolecules, 
understanding 

molecular function
Empirical parameters

Biophysical chemistry: 
thermodynamics and 

kinetics

Sequence, structure, and design
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The minimum free energy structures on a discrete space of conformations



Restrictions on physically acceptable mfe-structures:   3 and 2



Size restriction of elements:  (i) hairpin loop
(ii) stack σ
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Sn # structures of a sequence with chain length n

Recursion formula for the number of physically acceptable stable structures

I.L.Hofacker, P.Schuster, P.F. Stadler. 1998. Discr.Appl.Math. 89:177-207
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RNA sequence

RNA structure
of minimal free 

energy

RNA folding:

Structural biology,
spectroscopy of 
biomolecules, 
understanding

molecular function

Inverse Folding
Algorithm

Iterative determination
of a sequence for the

given secondary
structure

Sequence, structure, and design

Inverse folding of RNA:

Biotechnology,
design of biomolecules

with predefined 
structures and functions



UUUAGCCAGCGCGAGUCGUGCGGACGGGGUUAUCUCUGUCGGGCUAGGGCGC

GUGAGCGCGGGGCACAGUUUCUCAAGGAUGUAAGUUUUUGCCGUUUAUCUGG

UUAGCGAGAGAGGAGGCUUCUAGACCCAGCUCUCUGGGUCGUUGCUGAUGCG

CAUUGGUGCUAAUGAUAUUAGGGCUGUAUUCCUGUAUAGCGAUCAGUGUCCG

GUAGGCCCUCUUGACAUAAGAUUUUUCCAAUGGUGGGAGAUGGCCAUUGCAG

Minimum free energy
criterion

Inverse folding

1st
2nd
3rd  trial
4th
5th

The inverse folding algorithm searches for sequences that form a given 
RNA secondary structure under the minimum free energy criterion. 



A mapping  and its inversion

Gk = ( )    | ( ) =  -1 US I Sk j j kI

( ) = I Sj k

Space of genotypes:        = {I

   S

I I I I I

S S S S S

1 2 3 4 N

1 2 3 4 M

, , , , ... , } ;  Hamming metric

Space of phenotypes: , , , , ... , } ;  metric (not required)

N  M

 = {



Degree of neutrality of neutral networks and the connectivity threshold



A multi-component neutral network formed by a rare structure:  < cr



A connected neutral network formed by a common structure:  > cr



5'-End5'-End 5'-End5'-End

3'-End3'-End 3'-End3'-End

7070 7070

6060
6060

5050 5050

4040 4040 3030 3030

20
20 20

20

1010 1010

A B C D

RNA clover-leaf secondary structures of sequences with chain length n=76



Degree of neutrality of cloverleaf RNA secondary structures over different alphabets



Reference for postulation and in silico verification of neutral networks
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Properties of RNA sequence to secondary structure mapping

1. More sequences than structures

2. Few common versus many rare structures

n = 100, stem-loop structures

n = 30

RNA secondary structures and Zipf’s law
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Properties of RNA sequence to secondary structure mapping

1. More sequences than structures

2. Few common versus many rare structures

3. Shape space covering of common structures

4. Neutral networks of common structures are connected



RNA 9:1456-1463, 2003

Evidence for neutral networks and shape space covering



Evidence for neutral networks and 
intersection of apatamer functions









 
 
Alphabet Clover leaf 1 Clover leaf 2 Clover leaf 3 Clover leaf 4 

AU -- --  --  0.07 

AUG -- 0.22 0.21 0.20 

AUGC 0.28 0.28 0.29 0.31 

UGC 0.26 0.26 0.25 0.25 

GC 0.05 0.06 0.06 0.07 
 

tRNA clover leafs with increasing stack lengths (1 4),  n = 76

AUGC,  n = 100

 Degree of neutrality λ Mean length of path h 

Unconstrained fold 0.33 > 95 
Cofold with one sequence 0.32 75 
Cofold with two sequences 0.18 40 
 

Degree of neutrality and lengths of neutral path
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Evolution in silico

W. Fontana, P. Schuster, 
Science 280 (1998), 1451-1455



Replication rate constant:

fk = / [ + dS
(k)]

dS
(k) = dH(Sk,S )

Selection constraint:

Population size, N = # RNA 
molecules, is controlled by 

the flow

Mutation rate:

p = 0.001 / site replication 

NNtN ±≈)(

The flowreactor as a 
device for studies of 
evolution in vitro and 
in silico



Phenylalanyl-tRNA as 
target structure

Randomly chosen 
initial structure



In silico optimization in the flow reactor: Evolutionary Trajectory



28 neutral point mutations during 
a long quasi-stationary epoch

Transition inducing point mutations 
change the molecular structure

Neutral point mutations leave the 
molecular structure unchanged

Neutral genotype evolution during phenotypic stasis 



Evolutionary trajectory

Spreading of the population 
on neutral networks

Drift of the population center 
in sequence space



 Alphabet Runtime Transitions Main transitions  No. of runs 
     

AUGC 385.6 22.5 12.6 1017 
GUC 448.9 30.5 16.5 611 
GC 2188.3 40.0 20.6 107 

 

Mean population size: N = 3000 ;   mutation rate: p = 0.001

Statistics of trajectories and relay series (mean values of log-normal distributions).

AUGC neutral networks of tRNAs are near the connectivity threshold, GC neutral networks 
are way below.
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The Folding Algorithm

A sequence I specifies an energy ordered set of 
compatible structures S(I):

S(I)  =  {S0 , S1 , … , Sm , O}

A trajectory Tk(I) is a time ordered series of 
structures in S(I). A folding trajectory is 
defined by starting with the open chain O and 
ending with the global minimum free energy 
structure S0 or a metastable structure Sk which 
represents a local energy minimum:

T0(I)  =  {O , S (1) , … , S (t-1) , S (t) , 
S (t+1) , … , S0}

Tk(I)  =  {O , S (1) , … , S (t-1) , S (t) , 
S (t+1) , … , Sk}

Master equation
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Transition probabilities Pij(t) = Prob{Si→Sj} are 
defined by

Pij(t) = Pi(t) kij = Pi(t) exp(-∆Gij/2RT) / Σi

Pji(t) = Pj(t) kji = Pj(t) exp(-∆Gji/2RT) / Σj

exp(-∆Gki/2RT)

The symmetric rule for transition rate parameters is due 
to Kawasaki  (K. Kawasaki, Diffusion constants near 
the critical point for time depen-dent Ising models. 
Phys.Rev. 145:224-230, 1966).

∑ +

≠=
=Σ

2

,1

m

ikkk

Formulation of kinetic RNA folding as a stochastic process



Corresponds to base pair distance: dP(S1,S2)

Base pair formation and base pair cleavage moves for nucleation and 
elongation of stacks



Base pair closure, opening and shift corresponds to Hamming distance:  dH(S1,S2)

Base pair shift move of class 1: Shift inside internal loops or bulges



Base pair shift

Class 2

Base pair closure, opening and shift corresponds to Hamming distance:  dH(S1,S2)

Base pair shift move of class 2: Shift involves free ends



Two measures of distance in shape space:

Hamming distance between structures, dH(Si,Sj) and base pair distance, dP(Si,Sj) 
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Search for local minima in 
conformation space
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"Barrier tree"

Definition of a ‚barrier tree‘



CUGCGGCUUUGGCUCUAGCC
....((((........))))  -4.30
(((.(((....))).)))..  -3.50
(((..((....))..)))..  -3.10
..........(((....)))  -2.80
..(((((....)))...)).  -2.20
....(((..........)))  -2.20
((..(((....)))..))..  -2.00
..((.((....))....)).  -1.60
....(((....)))......  -1.60
.....(((........))).  -1.50
.((.(((....))).))...  -1.40
....((((..(...).))))  -1.40
.((..((....))..))...  -1.00
(((.(((....)).))))..  -0.90
(((.((......)).)))..  -0.90
....((((..(....)))))  -0.80
.....((....)).......  -0.80
..(.(((....)))).....  -0.60
....(((....)).).....  -0.60
(((..(......)..)))..  -0.50
..(((((....)).)..)).  -0.50
..(.(((....))).)....  -0.40
..((.......)).......  -0.30
..........((......))  -0.30
...........((....)).  -0.30
(((.(((....)))).))..  -0.20
....(((.(.......))))  -0.20
....(((..((....)))))  -0.20
..(..((....))..)....   0.00
....................   0.00
.(..(((....)))..)...   0.10 M.T. Wolfinger, W.A. Svrcek-Seiler, C. Flamm, 

I.L. Hofacker, P.F. Stadler. 2004. J.Phys.A: 
Math.Gen. 37:4731-4741.
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((..(((....)))..))..  -2.00
..((.((....))....)).  -1.60
....(((....)))......  -1.60
.....(((........))).  -1.50
.((.(((....))).))...  -1.40
....((((..(...).))))  -1.40
.((..((....))..))...  -1.00
(((.(((....)).))))..  -0.90
(((.((......)).)))..  -0.90
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..(.(((....)))).....  -0.60
....(((....)).).....  -0.60
(((..(......)..)))..  -0.50
..(((((....)).)..)).  -0.50
..(.(((....))).)....  -0.40
..((.......)).......  -0.30
..........((......))  -0.30
...........((....)).  -0.30
(((.(((....)))).))..  -0.20
....(((.(.......))))  -0.20
....(((..((....)))))  -0.20
..(..((....))..)....   0.00
....................   0.00
.(..(((....)))..)...   0.10 M.T. Wolfinger, W.A. Svrcek-Seiler, C. Flamm, 

I.L. Hofacker, P.F. Stadler. 2004. J.Phys.A: 
Math.Gen. 37:4731-4741.



Arrhenius kinetics

M.T. Wolfinger, W.A. Svrcek-Seiler, C. Flamm, 
I.L. Hofacker, P.F. Stadler. 2004. J.Phys.A: 
Math.Gen. 37:4731-4741.



Arrhenius kinetic                                               Exact solution of the master equation

M.T. Wolfinger, W.A. Svrcek-Seiler, C. Flamm, 
I.L. Hofacker, P.F. Stadler. 2004. J.Phys.A: 
Math.Gen. 37:4731-4741.
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GkNeutral Network

Structure S  k

Gk  Ck

Compatible Set  Ck

The compatible set Ck of a structure Sk consists of all sequences which form 
Sk as its minimum free energy structure (the neutral network Gk) or one of its
suboptimal structures.



Structure S  0

Structure S  1

The intersection of two compatible sets is always non empty:  C0 C1



Reference for the definition of the intersection 
and the proof of the intersection theorem
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An RNA switch
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A ribozyme switch

E.A.Schultes, D.B.Bartel, Science 
289 (2000), 448-452



Two ribozymes of chain lengths n = 88 nucleotides: An artificial ligase (A) and a natural cleavage 
ribozyme of hepatitis- -virus (B)



The sequence at the intersection: 

An RNA molecules which is 88 
nucleotides long and can form both 
structures



Two neutral walks through sequence space with conservation of structure and catalytic activity
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Kinetic Folding

Compatible structures:

Set of stuctures compatible with
a given sequence

stability restriction                   

Conformation space

Folding trajectory in conformation space:

Time ordered series of structures

Folding process:

Average of trajectories on the
ensemble level 

Criterium: minimizing free energy

Evolutionary optimization

Compatible sequences:

Set of sequences compatible with
a given structure

mfe restriction

Neutral network 

Genealogy on a neutral network:

Time ordered series of sequences

Optimization process:

Average over genealogies on the
population level

Criterium: maximizing fitness
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Prediction of RNA kinetic folding
of secondary structures based on 
Arrhenius kinetics  



Prediction of RNA kinetic folding
of secondary structures based on 
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Prediction of RNA kinetic folding
of secondary structures based on 
Arrhenius kinetics  



Prediction of RNA kinetic folding
of secondary structures based on 
Arrhenius kinetics  



Prediction of RNA kinetic folding
of secondary structures based on 
Arrhenius kinetics  



Design of RNA molecules with
with predefined folding kinetics  



Construction of a combined landscape for folding and evolution
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