


RNA — From Mathematical Models to Real Molecules

1. Sequences and Structures

Peter Schuster

Institut fur Theoretische Chemie und Molekulare
Strukturbiologie der Universitit Wien

CIMPA — Genoma School
Valdivia, 12.—16.01.2004



Web-Page for further information:

http://www.tbi.univie.ac.at/~pks



Replication: m@

€ - DNA — 2 DNA e

B

—
= < Food
_g é Nucleotides /

% T Amino Acids .
‘é < 3 ipids Metabolism
s Z Carbohydrates
= A Small Molecules \
Waste
v

Ribosom

<« =
Protein
mRNA ;
—

N
7

Translation: RNA — Protein

A sketch of cellular DNA metabolism



RNA as transmitter of genetic information

DNA
transcription

...AGAGCGCCAGACUGAAGAUCUGGAGGUCCUGUGUUC...

messenger-RNA

translation

protein

RNA as working copy of genetic information

RNA as catalyst

Helix 11

Helix 1ll

ribozyme

The RNA world as a precursor of
the current DNA + protein biology

Functions of RNA molecules

RNA as adapter molecule

B leu

genetic code

RNA as carrier of genetic information
RNA viruses and retroviruses
RNA as information carrier in

evolution in vitro and
evolutionary biotechnology

RNA is the catalytic subunit in
supramolecular complexes

The ribosome is a ribozyme !

RNA is modified by epigenetic control
RNA editing

Alternative splicing of messenger RNA

RNA as regulator of gene expression

gene silencing by small interfering RNAs
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Different notions of RNA structure including suboptimal conformations and folding kinetics



Stacking of free nucleobases or other planar
heterocyclic compounds (N6,N9-dimethyl-adenine)
The stacking interaction as

driving force of structure

formation in nucleic acids Stacking of nucleic acid single strands (poly-A)



James D. Watson and Francis H.C. Crick

Nobel prize 1962

1953 — 2003 fifty years double helix

Stacking of base pairs in nucleic
acid double helices (B-DNA)
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Watson-Crick type base pairs



Wobble base pairs

G=U

b

Deviation from
Watson-Crick geometry

>:N N\’Deviation from

Watson-Crick geometry



5'-End 3'-End

Sequence GCGGAUUUAGCUCAGDDGGGAGAGCMCCAGACUGAAYAUCUGGAGMUCCUGUGTPCGAUCCACAGAAUUCGCACCA
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Definition and physical relevance of RNA secondary structures

RNA secondary structures are listings of Watson-Crick
and GU wobble base pairs, which are free of knots and
pseudokots.

D.Thirumalai, N.Lee, S.A.Woodson, and D.K.Klimov.
Annu.Rev.Phys.Chem. 52:751-762 (2001):

wdecondary structures are folding intermediates in the
formation of full three-dimensional structures.



5'-End 3'-End
Sequence GCGGAUUUAGCUCAGDDGGGAGAGCMCCAGACUGAAYAUCUGGAGMUCCUGUGTPCGAUCCACAGAAUUCG CACCA
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Symbolic notation  5-End ((((((+--((((-++++-- IN-(((((=eevee)))))eeee=(((((+++++++)))))*))))))++++ 3-End

A symbolic notation of RNA secondary structure that is equivalent to the conventional graphs
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Circle representation of tRNAPhe
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Mountain representation of tRNAPhe



Mountain representation used in structure prediction of medium size RNA molecules



Mountain representation used in structure prediction of large RNA molecules



Minimal hairpin loop size:

n, &3

Minimal stack length:
n, k2

TABLE 2 A recursion to calculate the numbers of acceptable RNA secondary struc-

tures, Ns(¢) = Se(mm[mp]'mm[n”l) [49]. A structure is acceptable if all its hairpin loops
contain three or more nucleotides (loopsize: ni, > 3) and if it has no isolated base pairs
(stacksize: ns¢ > 2). The recursion m + 1 => m yields the desired results in the array
U, and uses two auxiliary arrays with the elements ®, and E,, which represent the
numbers of structures with or without a closing base pair (1,m). One array, e.g., ®m,
is dispensible, but then the formula contains a double sum that is harder to interpret.

Recursion formula:

m—2
Em.+1 e lI’m = Z Qk'\:[]m-—k—l
k=5
L(m—2)/2]
Prp1 = kE Em—2k+1
=]

lI"m-{-l = Em+1 F (I’m—l
Recursion: m+1 = m

Initial conditions:
‘I»'o:\l’l:\pz:‘l’g:‘pc;:‘ps:\l’ﬁ:l
Sp=0, =P =03=0,=0

2:

(1
o

|
(1]

I
(1]
(1]
[1]
[1]
(1]

7=1

I

1 =S = 6=

Solution: 33(3’2) = U

m=£

Recursion formula for the number of acceptable RNA secondary structures



Number of Sequences Number of Structures

0 /5 4¢ 84 GC | UGC | AUGC | AUG | AU
7 128 1.64 x 10* 2 1 1 1 1 1
8 256 6.55 x 10* 4 3 1 1
9 512 2.62 x 10° 8 7 7 7 J 1
10 1024 1.05 x 10° 14 13 13 13 1 1
15 | .28 x 10* | 1.07 % 10° 174 130 | 145 152 37 15
16 | 6.55 x 10* | 4.29 x 10° 304 214 | 245 257 55 25
19 | 5.24 x 10° | 2.75 x 10" 1587 972 | 1235 220 84
20 | 1.05 x 10° | 1.10 x 10'? 2 741 1599 | 2112 374 128
20 | 5.37 x 10® | 2.88 x 10'7 | 430370 | 132875 8690
30 | 1.07 x10° | 1.15 x 10'® | 760983 | 218318 13726

Computed numbers of minimum free energy structures over different nucleotide alphabets

P. Schuster, Molecular insights into evolution of phenotypes. In: J. Crutchfield & P.Schuster,
Evolutionary Dynamics. Oxford University Press, New York 2003, pp.163-215.




RNA sequence GUAUCGAAAUACGUAGCGUAUGGGGAUGCUGGACGGUCCCAUCGGUACUCCA

Biophysical chemistry:
thermodynamics and
. kinetics Inverse folding of RNA:
RNA folding:
. Biotechnology,
Structural biology, design of biomolecules
spectroscopy of with predefined
b1omolecul.es, . structures and functions
understanding Empirical parameters

molecular function

RNA structure

Sequence, structure, and function



How to compute RNA secondary structures

Efficient algorithms based on dynamic programming are available for computation of
minimum free energy and many suboptimal secondary structures for given sequences.

M.Zuker and P.Stiegler. Nucleic Acids Res. 9:133-148 (1981)
M.Zuker, Science 244: 48-52 (1989)

Equilibrium partition function and base pairing probabilities in Boltzmann ensembles of
suboptimal structures.

J.S.McCaskill. Biopolymers 29:1105-1190 (1990)

The Vienna RNA Package provides in addition: inverse folding (computing sequences
for given secondary structures), computation of melting profiles from partition
functions, all suboptimal structures within a given energy interval, barrier tress of
suboptimal structures, kinetic folding of RNA sequences, RNA-hybridization and
RNA/DNA-hybridization through cofolding of sequences, alignment, etc..

I.L.Hofacker, W. Fontana, P.F.Stadler, L.S.Bonhoeffer, M.Tacker, and P. Schuster. Mh.Chem.
125:167-188 (1994)

S.Wuchty, W.Fontana, [.L.Hofacker, and P.Schuster. Biopolymers 49:145-165 (1999)
C.Flamm, W.Fontana, I.L.Hofacker, and P.Schuster. RNA 6:325-338 (1999)

Vienna RNA Package: http://www.tbi.univie.ac.at



5’-end 3’-end
GUAUCGAAAUACGUAGCGUAUGGGGAUGCUGGACGGUCCCAUCGGUAcCuUcCccA

\

Folding of RNA sequences into secondary structures of minimal free energy, DG,>%



5’-end 3’-end
GUAUCGAAAUACGUAGCGUAUGGGGAUGCUGGACGGUCCCAUCGGUAcCuUcCccA

\

Free energy DG

Suboptimal conformations

(h)
SO

Minimum of free energy

The minimum free energy structures on a discrete space of conformations



5’-end 3’-end
GUAUCGAAAUACGUAGCGUAUGGGGAUGCUGGACGGUCCCAUCGGUAcCuUcCccA

\

Edges: i'j,k'14§S .... base pairs

(i) i-itl1as... backbone
(1))  #base pairs per node = {0,1}
(iii) ifijand '’k & S, then

i<k<j N i<l

pseudoknot exclusion

Folding of RNA sequences into secondary structures of minimal free energy, DG,>%



5’-end 3’-end
GUAUCGAAAUACGUAGCGUAUGGGGAUGCUGGACGGUCCCAUCGGUAcCuUcCccA

\

free energy of stacking <0

AGY = D gout D h(n) + D b(n)+ Di(n)+--

stacks of hairpin bulges internal
base pairs loops loops

Folding of RNA sequences into secondary structures of minimal free energy, DG,>%



hairpin loop

free end

Elements of RNA secondary structures

hairpin
loop

free end

hairpin loop

hairpin
loop

as used in free energy calculations

hairpin loop

loop




Maximum matching

An example of a dynamic programming computation
of the maximum number of base pairs

Back tracking yields the structure(s).

\4
° o ~— —————- ——————-— —e ——o
i +1 12 k j-1 ] j+1
& Xi,k—l rg < Xk+l,j —

X = max{ )(, joMaAX, j—l(()(i,k—l +H+X fe+, )P k,j+1 )}

1

Minimum free energy computations are based on empirical energies

GGCGCGCCCGGCGCC

GUAUCGAAAUACGUAGCGUAUGGGGAUGCUGGACGGUCCCAUCGGUACUCCA

RNAStudio.Ink UGGUUACGCGUUGGGGUAACGAAGAUUCCGAGAGGAGUUUAGUGACUAGAGG



Maximum matching

An example of a dynamic programming computation
of the maximum number of base pairs

Back tracking yields the structure(s).

[ik-1] [kH14]
\4
° o ~— —————- ——————— —e ——o
i +1 12 k j-1 ] j+1
& Xi,k—l rg < Xk+l,j —

1

jil1 2 3 456 7 8 91011121314 15
i GGCGCGCCCGgGCGCOC
16| *1 11123334456 6
2 G 011 2 2.2 3 3 445 6
3C **0 11123 334655
4 G * 0112 2.2 3 455
5C 011 2 2.3 4 4 4
6 G **1 11 2 3.3 3 4
7C 01 2 2 2.2 3
8 C 111 2 2 2
9C 11 2 2 2
10 G 111 2
11 G 01 1
12 C 01
13 G v
14 C oo
15 C *

X, = max{ )(, joMaAX, j—l(()(i,k—l +H+X fe+, )P k,j+1 )}

Minimum free energy computations are based on empirical energies

GGCGCGCCCGGCGCC

RNAStudio.lnk

GUAUCGAAAUACGUAGCGUAUGGGGAUGCUGGACGGUCCCAUCGGUACUCCA
UGGUUACGCGUUGGGGUAACGAAGAUUCCGAGAGGAGUUUAGUGACUAGAGG



RNA sequence GUAUCGAAAUACGUAGCGUAUGGGGAUGCUGGACGGUCCCAUCGGUACUCCA

Biophysical chemistry:
thermodynamics and
. kinetics Inverse folding of RNA:
RNA folding:
. Biotechnology,
Structural biology, design of biomolecules
spectroscopy of with predefined
b1omolecul.es, . structures and functions
understanding Empirical parameters

molecular function

RNA structure

Sequence, structure, and function



GUAUCGAAAUACGUAGCGUAUGGGGAUGCUGGACGGUCCCAUCGGUACUCCA

Minimum free energy
criterion

Inverse folding of RNA secondary structures

The idea of inverse folding algorithm is to search for sequences that form a
given RNA secondary structure under the minimum free energy criterion.



Structure



Compatible sequence

00000 LLILILODO000OCOCOOOVO0O0V0ODDD000000
o
=
O

3’-end

5,

Structure



3’

D000<KCILICICICDV00OCOCOOO0VV0VODDD0LLVO

5’-end G

Compatible sequence

Structure



3’-end

>
>

Single nucleotides: JANVACK®

AHOOOOCCCHOOOMOOZOZOO0OOCTI>>>P>OOMOCO

(=
(=

5’-end

Structure Compatible sequence

Single bases pairs are varied independently



/ — \ 3’—end§ /A—A\
\ 7/ G @ u
G
1 1 A
A
1 1 A
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1 1 A
U
1 1 C
C
1 1 C %
C
/ A A Base pairs:
| | 8
| | 8
P-4 g
G
| 1 U
U
| | U
/A §
»-& s KN 7
- 5’-end G Uu=—u
Structure Compatible sequence

Base pairs are varied in strict correlation



) < (0]
< NS
| |
< D

S =7

0D000KCLIILIDVLOLOICOCOLOOVVVODDDVLLDVO

3’-end
5’-end

o} < (0]
A\ /U
| |
< D

/A U\

00000<CILICICICD000OCOCOLOO0VVO0DDD0LLOOO

3’-end
5’-end

Compatible sequences

Structure



3’-end
end

"
0D000KC<CILILIDVOLOICVCOLOO0VVVODDDOVLOLOO

Incompatible sequence

Structure



[ ] L]
® ® [ ]
® L ] ® ]

° (] ° ] ®
[ ] L ® L ] ® L

® ® ] ® L ] ®
® [ ] ® L ] ® e ]

® L ] o ® L} [ ] ®
.... GCCAUC .... ® ' o . ® » °

“ R o ® o ® ] ® L ]
) ° ° ] ° (3 3 °

® e L} L ] e [ 2 ]
o L ] L ] ] ® [ ] ]

o ® ] ] e ° (]
® L] [ ] L ] L ® o

* ° . ° ° ® ®
... GCGAUC .... . - « . ) < <

[ [ ] ® L ] ® ® o
L ] L L} L ] o L ] L ]

[ L ] [ ] [ ] { ] L L ]
L L ] e L} o ® L ]

L ® ] L ] ] e
L ° L] L ] ®

... GCGUUC .... ¢ ™ X * b

° ° ] ®
® [ ] ®
® ®
[ ]

City-block distance in sequence space 2D Sketch of sequence space

Single point mutations as moves in sequence space



CGTCGTTACAATTTAGGTTATGTGCGAATTCACAAATT GAAAATACAAGAG. . . . .

CGTCGTTACAATTTAAGTTATGTGCGAATTCCCAAATTAAAAACACAAGAG. . ...

Hamming distance dy(Iy,l,) =4

(i) dp(l,I;)=0
(i) dy(l,Lp) = dy(ly,1y)
() dy(l,13) T dy(l,L) + dg(),13)

The Hamming distance between sequences induces a metric in sequence space



Mutant class

0 0

%/‘W& Binary sequences are encoded
by their decimal equivalents:
7 : C=0and G =1, for example,
3 "0" =00000=CCCCC,
"14" = 01110 = CGGGC,
4 "29" = 11101 = GGGCQG, etc.
Hypercube of dimension n =5 Decimal coding of binary sequences

Sequence space of binary sequences of chain lenght n =5



Hamming distance dy(S,S,) =4

The Hamming distance between structures in parentheses notation forms a metric
in structure space



Inverse folding algorithm

LA L ALALALA.ALAI A._A]

S,A SSAS A S ASALLASAS, ALAS,

fiy = (L) and Ddg(Si,Siip) = dg(S1,Sy) - dg(S,,5) <0

9N ... base or base pair mutation operator

ds (S;,S;) ... distance between the two structures S;and S,

,Unsuccessful trial® ... termination after n steps



" < Initial trial sequences

Stop sequence of an
unsuccessful trial

AN

5

Target sequence

s

Target structure S,

Approach to the target structure S, in the inverse folding algorithm



Minimum free energy

criterion
/> GUAUCGAAAUACGUAGCGUAUGGGGAUGCUGGACGGUCCCAUCGGUACUCCA
éStd > UGGUUACGCGUUGGGGUAACGAAGAUUCCGAGAGGAGUUUAGUGACUAGAGG
3?d trial >  CUUCUUGAGCUAGUACCUAGUCGGAUAGGAUUUCCUAUCUCCAGGGAGGAUG
g:ﬁ - —>  CUUUUCUUCACGUUAGAUGUGUAAUGGACAUGUGUUUAUUUAGGAAAGGCGC
\ AUAACGUGAGUGUCUAAUACUGAUCGCUCCGGAGGGUGGUGGCGUUGUUAAU

Inverse folding of RNA secondary structures

The inverse folding algorithm searches for sequences that form a given RNA
secondary structure under the minimum free energy criterion.



UUUAGCCAGCGCGAGUCGUGCGGACGGGGUUAUCUCUGUCGGGCUAGGGCGC
GUGAGCGCGGGGCACAGUUUCUCAAGGAUGUAAGUUUUUGCCGUUUAUCUGG
UUAGCGAGAGAGGAGGCUUCUAGACCCAGCUCUCUGGGUCGUUGCUGAUGCG
CAUUGGUGCUAAUGAUAUUAGGGCUGUAUUCCUGUAUAGCGAUCAGUGUCCG

GUAGGCCCUCUUGACAUAAGAUUUUUCCAAUGGUGGGAGAUGGCCAUUGCAG

Criterion of
Minimum Free Energy

Sequence Space

Shape Space



RNA sequences as well as RNA secondary structures can be
visualized as objects in metric spaces. At constant chain
length the sequence space is a (generalized) hypercube.

The mapping from RNA sequences into RNA secondary
structures i1s many-to-one. Hence, it 1s redundant and not
invertible.

RNA sequences, which are mapped onto the same RNA
secondary structure, are neutral with respect to structure.
The pre-images of structures in sequence space are neutral
networks. They can be represented by graphs where the edges
connect sequences of Hamming distance dj; = 1.
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VAVA

:.\K .4 “ \.:f 3% h
SININIININNINININ
(N .s\;‘..\.ﬁ\_s%? AVAVAVAVAVAVA
4

ININTXIRININE VAVAVAVA

i
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VAVAVAVAVAVAVAVAVAVAVAVAVAY,
VAVAVAVAVAVAVAVAVAVAVAVAY
VAVAVAVAVAVAVAVAVAVAVAY
VAVAVAVAVAVAVAYAVAVAY;
VAVAVAVAVAVAVAVAVAV;
NN
\VAVAVAVAVAVAVAY,
\VAVAVAVAVAVAY,

WAVAVAVAVAVAVAVAN

Sequence space

Real numbers

Structure space

Mapping from sequence space into structure space and into function



uonoun,j

Real numbers

Structure space

Sequence space



Function

Sequence space Structure space Real numbers

The pre-image of the structure S, in sequence space is the neutral network G,



Neutral networks are sets of sequences forming the same structure.
G, 1s the pre-image of the structure S, in sequence space:

G, = y_l(sk) n {yj | y(Ij) =S, }

The set 1s converted into a graph by connecting all sequences of
Hamming distance one.

Neutral networks of small RNA molecules can be computed by
exhaustive folding of complete sequence spaces, 1.e. all RNA
sequences of a given chain length. This number, N=4" | becomes
very large with increasing length, and is prohibitive for numerical
computations.

Neutral networks can be modelled by random graphs in sequence
space. In this approach, nodes are inserted randomly into sequence
space until the size of the pre-image, 1.e. the number of neutral
sequences, matches the neutral network to be studied.



Step 00 Sketch of sequence space

Random graph approach to neutral networks



Step 01 Sketch of sequence space

Random graph approach to neutral networks



Step 02 Sketch of sequence space

Random graph approach to neutral networks



Step 03 Sketch of sequence space

VA
/N

VAVAVA
AVAVaV,

\VAVAVAV

Random graph approach to neutral networks



Step 04 Sketch of sequence space

VA
/N

VAVAVA
AVAVaV,

\VAVAVAV

Random graph approach to neutral networks



Step 05 Sketch of sequence space

NN
AVAVY VAV

\VAVAVAV

Random graph approach to neutral networks



Step 10 Sketch of sequence space

Random graph approach to neutral networks



Sketch of sequence space

Step 15

BaVAVAVAT4VAVATA

VAVAYAVAVAVAVAYAY VAVAV AV
AT ava STV
NaVAY sVAVAVAVAN
VAVAVAVAVAVAVAY sVAVAVAVAY

VAVAVAVAVAVAV 2 YAVAVAVAY

NaVAVAVAVAYAVAV

Random graph approach to neutral networks



Sketch of sequence space

Step 25

TAVAVA
A 404 A
VAVAVAV. W»‘»»
/N
VAVAVAVAVAVAVYA® aVAY AN
T ATA T VAVAT V¥ soaal

VAVAVAVAVAVAVAVAY aVaVAYAVAN
\WAVAVAVAYAVAY aVa YAVAVA VAVAN

NaVAVaAVAY sVAVAY aVaV
TS, S anrd

/Y :
§4 VAVANAVAN aVAV

Random graph approach to neutral networks



Sketch of sequence space

Step 50

b(bdb(»dbﬂbdbcbﬂbd»(’
\VAVAY, 4’4 AV YAY 2VaVAN
VAVA D‘PQD A aVaVAVAVAN
% W VAAYA VAVAY
VAVAVA bd»(bdbﬂbdb‘bﬂbdbﬂbd
AVAYAY aVuVa YAVA® 2V sV VeV
N aa VAVAY A YAY A VaVa VAVAVA
AVAVAVAVAVAVA aVAVA YAV
\VAVAVAVAVAY A YAYAY AV
Ty
. Va a
WAVAVAVAYAYAYY

Random graph approach to neutral networks



Sketch of sequence space

Step 75

JHRAFARKK)
P<P<b4b< ‘ "
VAVAVANY 2 YAVAVAYAY A YAN
'4"51»4’4)4)4’454»1’
»1'0’4)! AV YAY 2VaVAN
aVaVAVAVAVAVAVAY aVaVAVAVAN
P(P‘bcb‘b1’1’4’4)1&1’451’4?
AVAVAY sVAY AVAV aVAY 49aVAY sVAV
VAV AY 29 VA" 4VAS 2V 49 VA
AVaaVAVAYAYAY A VAVA YAVAY:

AVAY aVAY AV 4V aVAVA YAV

iV aVAY aWaVaAY A VeV aVi
VAVAVAYAY a¥aa VAV

VA N N

VA aVaVa YAYEY

Random graph approach to neutral networks



Sketch of sequence space

Step 100

VAYAVAVAVAVAYAN
AVaVa YAVAVAYA YA
AVAVAY aVAAVAYAY &)
NS NN N
Y aVAYEY aVaVa ™ aVA AN
AVaVA” aVaVAVAY 4 YA 49 VAN
aVa YAV AVAVAVAY oV sVuVAY sVAN
aVaVa Y aVa YAVAY sWa YAVAVA VAVAN
AVAVAY AVAY AVAV AVAY 49 VAY 4 VAV
DAVAYAVAYAYAVAY 4VAY 4Va VA
NLONL NN N N T
VAYAYAYAY VAV s VAV YAV
Y aVavaYaVAYAY A VAVA Y
NN L N
Va YA 29 YAVAYA Y
WAV aVAYAVAYAY,

Random graph approach to neutral networks



G=y ' SO U{L|yd)=5c}

g L;(k)
= el
‘ Xj—12/27—0.444, A = Gy
Connectivity threshold: Aep =1 - 1¢ /6D

Alphabet size k: AUGC n k=4 k I,

i 2 0.5 GC,AU
Mc> Agp - ... network Gy 1s connected 3 0.423 GUC.AUG

A <A - ... network Gy is not connected 4 0.370 AUGC

Mean degree of neutrality and connectivity of neutral networks
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A multi-component neutral network



N
N o 2 N=L
N-H
g
y 0
, ) X
v f )= GIC NV H oo U=G
- / N=H N/ \ (CIG) O \
NN N H=N N
£ N‘[\N_H o>— > H_N>:N \'
" H

The six base pairing alphabets built from natural nucleotides A, U, G, and C



\ N-H Q \ A=U
” )/ B
/  N-H N (U_A)
/N_ZNj O)'—N\

The six base pairing alphabets built from natural nucleotides A, U, G, and C



3-End

338
.
.
20
30 40
. .
. .
~ -

Alphabet

AU --

AUG T

AUGC 0.275 A 0.064
UGC 0.263 A 0.071

GC 0.052 A 0.033

3-End

Degree of neutrality 1|

0.217 A0.051
0.279 A 0.063
0.257 A0.070

0.057 A 0.034

0.207 £ 0.055

0.289 + 0.062

0.251 = 0.068

0.060 £ 0.033

3-End

0.073 A 0.032
0.201 A 0.056
0.313 A 0.058
0.250 A 0.064

0.068 A 0.034

Degree of neutrality of cloverleaf RNA secondary structures over different alphabets



Number of Sequences Number of Structures

0 /5 4¢ 84 GC | UGC | AUGC | AUG | AU
7 128 1.64 x 10* 2 1 1 1 1 1
8 256 6.55 x 10* 4 3 1 1
9 512 2.62 x 10° 8 7 7 7 J 1
10 1024 1.05 x 10° 14 13 13 13 1 1
15 | .28 x 10* | 1.07 % 10° 174 130 | 145 152 37 15
16 | 6.55 x 10* | 4.29 x 10° 304 214 | 245 257 55 25
19 | 5.24 x 10° | 2.75 x 10" 1587 972 | 1235 220 84
20 | 1.05 x 10° | 1.10 x 10'? 2 741 1599 | 2112 374 128
20 | 5.37 x 10® | 2.88 x 10'7 | 430370 | 132875 8690
30 | 1.07 x10° | 1.15 x 10'® | 760983 | 218318 13726

Computed numbers of minimum free energy structures over different nucleotide alphabets

P. Schuster, Molecular insights into evolution of phenotypes. In: J. Crutchfield & P.Schuster,
Evolutionary Dynamics. Oxford University Press, New York 2003, pp.163-215.




From sequences to shapes and back: a case study in
RNA secondary structures

PETER SCHUSTER"?3 WALTER FONTANA?, PETER F.STADLER??
aNDp IVO L. HOFACKER?

! Institut fiir Molekulare Biotechnologie, Beutenbergstrasse 11, PF 100813, D-07708 Jena, Germany
* Institut fiir Theoretische Chemie, Universitit Wien, Austria
® Santa Fe Institute, Santa Fe, U.S.A.

SUMMARY

RNA folding is viewed here as a map assigning secondary structures to sequences. At fixed chain length
the number of sequences far exceeds the number of structures. Frequencies of structures are highly non-
uniform and follow a generalized form of Zipf’s law: we find relatively few common and many rare ones.
By using an algorithm for inverse folding, we show that sequences sharing the same structure are
distributed randomly over sequence space. All common structures can be accessed from an arbitrary
sequence by a number of mutations much smaller than the chain length. The sequence space is percolated
by extensive neutral networks connecting nearest neighbours folding into identical structures. Implications
for evolutionary adaptation and for applied molecular evolution are evident: finding a particular
structure by mutation and selection is much simpler than expected and, even if catalytic activity should
turn out to be sparse in the space of RNA structures, it can hardly be missed by evolutionary processes.
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Figure 4. Neutral paths. A neutral path is defined by a series
of nearest neighbour sequences that fold into identical
structures. Two classes of nearest neighbours are admitted:
neighbours of Hamming distance 1, which are obtained by
single base exchanges in unpaired stretches of the structure,
and neighbours of Hamming distance 2, resulting from base
pair exchanges in stacks. Two probability densities of
Hamming distances are shown that were obtained by
searching for neutral paths in sequence space: (i) an upper
bound for the closest approach of trial and target sequences
(open circles) obtained as endpoints of neutral paths
approaching the target from a random trial sequence (185
targets and 100 trials for each were used); (ii) a lower bound
for the closest approach of trial and target sequences (open
diamonds) derived from secondary structure statistics
(Fontana et al. 1993a; see this paper, §4); and (iii) longest
distances between the reference and the endpoints of
monotonously diverging neutral paths (filled circles) (500
reference sequences were used).
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Reference for postulation and in silico verification of neutral networks
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The compatible set € of a structure S, consists of all sequences which form
S, as its minimum free energy structure (the neutral network G,) or one of 1ts
suboptimal structures.
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