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Three necessary conditions for Darwinian evolution are:

1. Multiplication,

2. Variation, and

3. Selection.

Variation through mutation and recombination operates on the genotype 
whereas the phenotype is the target of selection. 

One important property of the Darwinian scenario is that variations in the 
form of mutations or recombination events occur uncorrelated with their 
effects on the selection process. 

All conditions can be fulfilled not only by cellular organisms but also 
by nucleic acid molecules in suitable cell-free experimental assays.



Population genetics and chemical 
reaction kinetics count only numbers
of molecules and model their changes 
in time. 

Molecular properties and functions 
enter as parameters and mechanisms 
and are inputs and no intrinsic part of 
the model.

Understanding evolution requires a 
concept of the phenotype as an 
intergal part of the model. 



Genotype = Genome

GGCTATCGTACGTTTACCCAAAAAGTCTACGTTGGACCCAGGCATTGGAC.......GMutation

Unfolding of the genotype:

Production and assembly of 
all parts of a bacterial cell, 

and cell division

Fitness in reproduction:

Number of bacterial cells
in the next generation

Phenotype

Selection

Evolution of phenotypes:  Bacterial cells



Genotype = Genome
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Fitness in reproduction:

Number of genotypes in 
the next generation

Unfolding of the genotype:

RNA structure formation

Phenotype

Selection

Evolution of phenotypes



Genotype = Genome

GGCUAUCGUACGUUUACCCAAAAAGUCUACGUUGGACCCAGGCAUUGGAC.......GMutation

Fitness in reproduction:

Number of genotypes in 
the next generation

Unfolding of the genotype:

RNA structure formation

Phenotype
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Definition and physical relevance of RNA secondary structures

RNA secondary structures are listings of Watson-Crick 
and GU wobble base pairs, which are free of knots and 
pseudokots. This definition allows for rigorous
mathematical analysis by means of combinatorics.

„Secondary structures are folding intermediates in the 
formation of full three-dimensional structures.“

Secondary structures have been and still are frequently 
used to predict and discuss RNA function.

D.Thirumalai, N.Lee, S.A.Woodson, and D.K.Klimov. 
Annu.Rev.Phys.Chem. 52:751-762 (2001):



1. The RNA model

2. How many stable structures can be formed?

3. Why not binary (GC or AU) sequences?

4. Evolution on neutral networks

5. Multiconformational RNA molecules



1. The RNA model

2. How many stable structures can be formed?
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A symbolic notation of RNA secondary structure that is equivalent to the conventional graphs



RNA sequence

RNA structure
of minimal free 

energy

RNA folding:

Structural biology,
spectroscopy of 
biomolecules, 
understanding 

molecular function
Empirical parameters

Biophysical chemistry: 
thermodynamics and 

kinetics

Sequence, structure, and design
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RNA sequence

RNA structure
of minimal free 

energy

RNA folding:

Structural biology,
spectroscopy of 
biomolecules, 
understanding

molecular function

Inverse Folding
Algorithm

Iterative determination
of a sequence for the

given secondary
structure

Sequence, structure, and design

Inverse folding of RNA:

Biotechnology,
design of biomolecules

with predefined 
structures and functions



UUUAGCCAGCGCGAGUCGUGCGGACGGGGUUAUCUCUGUCGGGCUAGGGCGC

GUGAGCGCGGGGCACAGUUUCUCAAGGAUGUAAGUUUUUGCCGUUUAUCUGG

UUAGCGAGAGAGGAGGCUUCUAGACCCAGCUCUCUGGGUCGUUGCUGAUGCG

CAUUGGUGCUAAUGAUAUUAGGGCUGUAUUCCUGUAUAGCGAUCAGUGUCCG

GUAGGCCCUCUUGACAUAAGAUUUUUCCAAUGGUGGGAGAUGGCCAUUGCAG

Minimum free energy
criterion

Inverse folding

1st
2nd
3rd  trial
4th
5th

The inverse folding algorithm searches for sequences that form a given 
RNA secondary structure under the minimum free energy criterion. 



Sequence space and structure space



Mapping from sequence space into structure space





The pre-image of the structure Sk in sequence space is the neutral network Gk
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GGCUAUCGUACGUUUACCCAAAAGUCUACGUUGGACCCAGGCAUUGGACG

One error neighborhood – Surrounding of an RNA molecule (n=50) in sequence and shape space



GGCUAUCGUACGUUUACCCAAAAGUCUACGUUGGACCCAGGCAUUGGACG
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One error neighborhood – Surrounding of an RNA molecule (n=50) in sequence and shape space
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One error neighborhood – Surrounding of an RNA molecule (n=50) in sequence and shape space
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One error neighborhood – Surrounding of an RNA molecule (n=50) in sequence and shape space
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GCAGCUUGCCCAAUGCAACCCCAUGUGGCGCGCUAGCUAACACCAUCCCC

1 (((((.((((..(((......)))..)))).))).)).............       65 0.433333

2 ..(((((((((((((......))).))).)))..))))............       9 0.060000

3 (((((.((((....(((......))))))).))).)).............       5 0.033333

4 ..(((.((((..(((......)))..)))).)))................       5 0.033333

5 ..(((((((((((((......))).)))...)))))))............       4 0.026667

6 (((((.((((((.((.....)).)).)))).))).)).............       3 0.020000

7 (((((.((((.((((......)))).)))).))).)).............       3 0.020000

8 (((((.(((((.(((......))).))))).))).)).............       3 0.020000

9 ((((((((((..(((......)))..)))))))).)).............       3 0.020000

10 (((((.((((((...........)).)))).))).)).............       3 0.020000

11 (((((..(((..(((......)))..)))..))).)).............       2 0.013333

12 (((((.((((..(((......)))..)))).)).))).............       2 0.013333

13 ..((((.((.(..((((......))))..).)).))))............       2 0.013333

14 (((((.((.((((((......))).))))).))).)).............       2 0.013333

15 .((((((((((((((......))).))).)))..)))))...........       2 0.013333
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GGAGCUUGCCGAAUGCAACCCCAUGAGGCGCGCUGCCUGGCACCAGCCCC

1 (((((.((((..(((......)))..)))).))).)).(((....)))..       49 0.326667

2 (((((.((((..(((......)))..)))).))).)).............        7 0.046667

3 ..(((.((((..(((......)))..)))).)))....(((....)))..       6 0.040000

4 (((((.((((..((........))..)))).))).)).(((....)))..       5 0.033333

5 ((.((((((((...(((.((((....)).).).))).)))))..))))).       5 0.033333

6 (((((.((((...((......))...)))).))).)).(((....)))..       5 0.033333

7 (((((.((((..(((......)))..)))).))).))..((....))...       4 0.026667

8 (((((.((((..(((......)))..)))).)))))..(((....)))..       4 0.026667

9 (((((.(((...(((......)))...))).))).)).(((....)))..       3 0.020000

10 ((((((((((..(((......)))..)))))))).)).(((....)))..       3 0.020000

11 ((.(((.((((..(((..(.....)..)))..))))..))).))......       3 0.020000

12 (((((...((..(((......)))..))...))).)).(((....)))..       3 0.020000

13 (.(((.((((..(((......)))..)))).))).)..(((....)))..       3 0.020000

14 ((..(.((((..(((......)))..)))).)...)).(((....)))..       3 0.020000

15 (((((.(((((.(((......))).))))).))).)).(((....)))..       3 0.020000

16 (((((.((((.((((......)))).)))).))).)).(((....)))..       3 0.020000

17 (((((..(((..(((......)))..)))..))).)).(((....)))..       3 0.020000

18 ((.((((((((...(((.(.(........).).))).)))))..))))).       2 0.013333

19 (((((.((((..(((......)))..)))).)).))).(((....)))..       2 0.013333

20 ((.((((((((...((((((((....)).).))))).)))))..))))).       2 0.013333



Number Mean Value     Variance     Std.Dev.
Total Hamming Distance:     3750000     11.608372    22.628558     4.756948
Nonzero Hamming Distance:   2493088     16.921998    30.500616     5.522736
Degree of Neutrality:       1256912      0.335177 0.006850     0.082764
Number of Structures:         25000 52.15 84.61         9.20

1 (((((.((((..(((......)))..)))).))).))............. 1256912 0.335177
2 ((((((((((..(((......)))..)))))))).)).............    69647 0.018573
3 ..(((.((((..(((......)))..)))).)))................    69194 0.018452
4 (((((.((((..((((....))))..)))).))).)).............    61825 0.016487
5 (((((.((((.((((......)))).)))).))).)).............    56398 0.015039
6 (((((.(((((.(((......))).))))).))).)).............    55423 0.014779
7 (((((..(((..(((......)))..)))..))).)).............    34871 0.009299
8 (((((.((((..((........))..)))).))).)).............    29201 0.007787
9 ((((..((((..(((......)))..))))..)).)).............    25844 0.006892

10 (((((.((((..(((......)))..)))).)))))..............    25459 0.006789

28 (((((.((((..(((......)))..)))).))).))..(((....))).     3629 0.000968
29 (((((...((..(((......)))..))...))).)).............     3519 0.000938
30 ...((.((((..(((......)))..)))).)).................     3138 0.000837
31 (((((.((....(((......)))....)).))).)).............     3067 0.000818
32 ......((((..(((......)))..))))....................     3058 0.000815
33 (((((.((((..(((.....)))...)))).))).)).............     2960 0.000789
34 (((((.((((..(((......)))..)))).))).)).(((....)))..     2946 0.000786
35 (((((.((((..(((......)))..)))).))).))...(((....)))     2937 0.000783
36 (((...((((..(((......)))..))))....))).............     2914 0.000777
37 ..(((.((((..(((......)))..)))).))).(((....))).....     2723 0.000726
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Shadow – Surrounding of RNA structure I in shape space – AUGC alphabet



Number Mean Value Variance     Std.Dev.
Total Hamming Distance:     3750000     12.498761    23.352188     4.832410
Nonzero Hamming Distance:   2807992     16.350987    29.476615     5.429237
Degree of Neutrality:        942008      0.251202 0.003690     0.060747
Number of Structures:         25000 54.16 73.46         8.57

1 (((((.((((..(((......)))..)))).))).)).(((....)))..   942008 0.251202
2 (((((.((((..(((......)))..)))).))).)).............   166946 0.044519
3 ..(((.((((..(((......)))..)))).)))....(((....)))..   103673 0.027646
4 ((((((((((..(((......)))..)))))))).)).(((....)))..    69658 0.018575
5 (((((.((((..((((....))))..)))).))).)).(((....)))..    62183 0.016582
6 (((((.((((.((((......)))).)))).))).)).(((....)))..    56510 0.015069
7 (((((.(((((.(((......))).))))).))).)).(((....)))..    55902 0.014907
8 (((((..(((..(((......)))..)))..))).)).(((....)))..    35249 0.009400
9 .((((.((((..(((......)))..)))).))))...(((....)))..    32042 0.008545

10 (((((.((((..((........))..)))).))).)).(((....)))..    29725 0.007927
11 (((((.((((..(((......)))..)))).)))))..(((....)))..    27114 0.007230
12 ((((..((((..(((......)))..))))..)).)).(((....)))..    25820 0.006885
13 (((((.((((..(((......)))..)))).)).))).(((....)))..    22513 0.006003
14 (((((.(((...(((......)))...))).))).)).(((....)))..    21640 0.005771
15 ..(((.((((..(((......)))..)))).)))...((((....)))).    20394 0.005438
16 ..(((.((((..(((......)))..)))).)))..(((((....)))))    16983 0.004529
17 (((((.((((...((......))...)))).))).)).(((....)))..    15965 0.004257
18 (((((.((((..(((......)))..)))).))).))..((....))...    14239 0.003797
19 (((((.((((..(((......)))..)))).))).)).((......))..    11870 0.003165
20 (((((.((((..(((......)))..)))).))).))((((....)))).     9919 0.002645

Shadow – Surrounding of RNA structure II in shape space – AUGC alphabet



Degree of neutrality of neutral networks and the connectivity threshold



A multi-component neutral network formed by a rare structure:  < cr



A connected neutral network formed by a common structure:  > cr



Reference for postulation and in silico verification of neutral networks



RNA 9:1456-1463, 2003

Evidence for neutral networks and shape space covering



Evidence for neutral networks and 
intersection of apatamer functions



1. The RNA model

2. How many stable structures can be formed?

3. Why not binary (GC or AU) sequences?

4. Evolution on neutral networks

5. Multiconformational RNA molecules
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Counting the numbers of structures of chain length n n+1

M.S. Waterman, T.F. Smith (1978) Math.Bioscience 42:257-266



Recursion formula for the number of physically acceptable stable structures

I.L.Hofacker, P.Schuster, P.F. Stadler (1998) Discr.Appl.Math. 89:177-207
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Computed numbers of minimum free energy structures over different alphabets

P. Schuster, Molecular insights into evolution of phenotypes. In: J. Crutchfield & P.Schuster, 
Evolutionary Dynamics. Oxford University Press, New York 2003, pp.163-215.



Nature , 323-325, 1999402

Catalytic activity in the 
AUG alphabet
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Nature , 841-844, 2002420

Catalytic activity in the
DU alphabet
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1. The RNA model

2. How many stable structures can be formed?

3. Why not binary (GC or AU) sequences?

4. Evolution on neutral networks

5. Multiconformational RNA molecules



Number Mean Value Variance     Std.Dev.
Total Hamming Distance:      150000     11.647973    23.140715  4.810480
Nonzero Hamming Distance:     99875     16.949991    30.757651 5.545958
Degree of Neutrality:         50125      0.334167 0.006961     0.083434
Number of Structures:          1000 52.31 85.30 9.24

1 (((((.((((..(((......)))..)))).))).))............. 50125 0.334167
2 ..(((.((((..(((......)))..)))).)))................ 2856 0.019040
3 ((((((((((..(((......)))..)))))))).))............. 2799 0.018660
4 (((((.((((..((((....))))..)))).))).)).............     2417 0.016113
5 (((((.((((.((((......)))).)))).))).)).............     2265 0.015100
6 (((((.(((((.(((......))).))))).))).)).............     2233 0.014887
7 (((((..(((..(((......)))..)))..))).)).............     1442 0.009613
8 (((((.((((..((........))..)))).))).)).............     1081 0.007207
9 ((((..((((..(((......)))..))))..)).)).............     1025 0.006833

10 (((((.((((..(((......)))..)))).)))))..............     1003 0.006687
11 .((((.((((..(((......)))..)))).))))...............      963 0.006420
12 (((((.(((...(((......)))...))).))).)).............      860 0.005733
13 (((((.((((..(((......)))..)))).)).))).............      800 0.005333
14 (((((.((((...((......))...)))).))).)).............      548 0.003653
15 (((((.((((................)))).))).)).............      362 0.002413
16 ((.((.((((..(((......)))..)))).))..)).............      337 0.002247
17 (.(((.((((..(((......)))..)))).))).)..............      241 0.001607
18 (((((.(((((((((......))))))))).))).)).............      231 0.001540
19 ((((..((((..(((......)))..))))...)))).............      225 0.001500
20 ((....((((..(((......)))..)))).....)).............      202 0.001347 G
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Shadow – Surrounding of an RNA structure in shape space – AUGC alphabet



Number Mean Value Variance     Std.Dev.
Total Hamming Distance:       50000     13.673580    10.795762  3.285691
Nonzero Hamming Distance:     45738     14.872054    10.821236 3.289565
Degree of Neutrality:          4262      0.085240 0.001824     0.042708
Number of Structures:          1000 36.24 6.27         2.50

1 (((((.((((..(((......)))..)))).))).)).............     4262 0.085240
2 ((((((((((..(((......)))..)))))))).)).............     1940 0.038800
3 (((((.(((((.(((......))).))))).))).)).............     1791 0.035820
4 (((((.((((.((((......)))).)))).))).)).............     1752 0.035040
5 (((((.((((..((((....))))..)))).))).)).............     1423 0.028460
6 (.(((.((((..(((......)))..)))).))).)..............      665 0.013300
7 (((((.((((..((........))..)))).))).)).............      308 0.006160
8 (((((.((((..(((......)))..)))).)))))..............      280 0.005600
9 (((((.((((..(((......)))..)))).))).))...(((....)))      278 0.005560

10 (((((.(((...(((......)))...))).))).)).............      209 0.004180
11 (((((.((((..(((......)))..)))).))).)).(((......)))      193 0.003860
12 (((((.((((..(((......)))..)))).))).))..(((.....)))      180 0.003600
13 (((((.((((..((((.....)))).)))).))).)).............      180 0.003600
14 ..(((.((((..(((......)))..)))).)))................      176 0.003520
15 (((((.((((.((((.....))))..)))).))).)).............      175 0.003500
16 (((((.((((..(((......)))..)))))))))...............      167 0.003340
17 (((((.((((...((......))...)))).))).)).............      157 0.003140
18 (((((.(.((..(((......)))..)).).))).)).............      140 0.002800
19 (((((..(((..(((......)))..)))..))).)).............      137 0.002740
20 .((((.((((..(((......)))..)))).))))...............      127 0.002540 C
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Shadow – Surrounding of an RNA structure in shape space – GC alphabet
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Probability of finding cloverleaf RNA secondary structures from different alphabets



Degree of neutrality of cloverleaf RNA secondary structures over different alphabets



Probability to be able to form a base pair between two arbitrarily chosen
nucelotides in a random sequence with uniform base composition

AU,GC 0.5

AUGC            0.375
GCXK 0.25

AUGCXK 0.167



1. The RNA model

2. How many stable structures can be formed?

3. Why not binary (GC or AU) sequences?

4. Evolution on neutral networks

5. Multiconformational RNA molecules



Replication rate constant:

fk = / [ + dS
(k)]

dS
(k) = dH(Sk,S )

Selection constraint:

Population size, N = # RNA 
molecules, is controlled by 

the flow

Mutation rate:

p = 0.001 / site replication 

NNtN ±≈)(

The flowreactor as a 
device for studies of 
evolution in vitro and 
in silico
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Replication rate constant:

fk = / [ + dS
(k)]

dS
(k) = dH(Sk,S )

Evaluation of RNA secondary structures yields replication rate constants



Phenylalanyl-tRNA as 
target structure

Randomly chosen 
initial structure



Formation of a quasispecies
in sequence space



Formation of a quasispecies
in sequence space



Migration of a quasispecies
through sequence space
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Evolutionary dynamics 
including molecular phenotypes



In silico optimization in the flow reactor: Evolutionary Trajectory



28 neutral point mutations during 
a long quasi-stationary epoch

Transition inducing point mutations 
change the molecular structure

Neutral point mutations leave the 
molecular structure unchanged

Neutral genotype evolution during phenotypic stasis 



Evolutionary trajectory

Spreading of the population 
on neutral networks

Drift of the population center 
in sequence space



Spreading and evolution of a population on a neutral network:  t = 150



Spreading and evolution of a population on a neutral network :  t = 170



Spreading and evolution of a population on a neutral network :  t = 200



Spreading and evolution of a population on a neutral network :  t = 350



Spreading and evolution of a population on a neutral network :  t = 500



Spreading and evolution of a population on a neutral network :  t = 650



Spreading and evolution of a population on a neutral network :  t = 820



Spreading and evolution of a population on a neutral network :  t = 825



Spreading and evolution of a population on a neutral network :  t = 830



Spreading and evolution of a population on a neutral network :  t = 835



Spreading and evolution of a population on a neutral network :  t = 840



Spreading and evolution of a population on a neutral network :  t = 845



Spreading and evolution of a population on a neutral network :  t = 850



Spreading and evolution of a population on a neutral network :  t = 855



AUGC GC

Movies of optimization trajectories over the AUGC and the GC alphabet





 Alphabet Runtime Transitions Main transitions  No. of runs 
     

AUGC 385.6 22.5 12.6 1017 
GUC 448.9 30.5 16.5 611 
GC 2188.3 40.0 20.6 107 

 

Mean population size: N = 3000 ;   mutation rate: p = 0.001

Statistics of trajectories and relay series (mean values of log-normal distributions).

AUGC neutral networks of tRNAs are near the connectivity threshold, GC neutral networks 
are way below.
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1. The RNA model

2. How many stable structures can be formed?

3. Why not binary (GC or AU) sequences?

4. Evolution on neutral networks

5. Multiconformational RNA molecules
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GkNeutral Network

Structure S  k

Gk  Ck

Compatible Set  Ck

The compatible set Ck of a structure Sk consists of all sequences which form 
Sk as its minimum free energy structure (the neutral network Gk) or one of its
suboptimal structures.



Structure S  0

Structure S  1

The intersection of two compatible sets is always non empty:  C0 C1



Reference for the definition of the intersection 
and the proof of the intersection theorem



J. H. A. Nagel, C. Flamm, I. L. Hofacker, K. Franke, M. H. de Smit, P. Schuster, and
C. W. A. Pleij. Structural parameters affecting the kinetic competition of RNA hairpin 
formation, in press 2005.

J. H. A. Nagel, J. Møller-Jensen, C. Flamm, K. J. Öistämö, J. Besnard, I. L. Hofacker, 
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A ribozyme switch

E.A.Schultes, D.B.Bartel, Science 
289 (2000), 448-452



Two ribozymes of chain lengths n = 88 nucleotides: An artificial ligase (A) and a natural cleavage 
ribozyme of hepatitis- -virus (B)



The sequence at the intersection: 

An RNA molecules which is 88 
nucleotides long and can form both 
structures



Two neutral walks through sequence space with conservation of structure and catalytic activity
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