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p ...... mutation rate per site  
and replication  

DNA replication and mutation 
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Mutation and (correct) replication  as parallel chemical reactions 
 

M. Eigen. 1971. Naturwissenschaften 58:465,  
M. Eigen & P. Schuster.1977-78. Naturwissenschaften 64:541, 65:7 und 65:341 
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The Crow-Kimura model of replication and mutation 

paramuse – paralell mutation and selection model: 

Ellen Baake, Michael Baake, Holger Wagner. 2001. Ising quantum chain is equivalent to 
a model of biological evolution. Phys.Rev.Letters 78:559-562.  

James F. Crow and Motoo Kimura. 1970. An introduction into population genetics theory. 
Harper & Row, New York. Reprinted at the Blackburn Press, Cladwell, NJ, 2009, p.265. 



The mutation matrix in the quasispecies and the Crow-Kimura model 



Solution of the quasispecies equation 

Integrating factor transformation: 

Eigenvalue problem: 

Solution: 



Stationary solution of the quasispecies equation 

Largest eigenvalue   1   and corresponding eigenvector  b1: 

master sequence:   Xm  at concentration    mx

mutant cloud:   Xj  at concentration  jx mjNj ≠= ;,,1; 















quasispecies 

The error threshold in replication and mutation 



………   antiviral strategies 

………   prebiotic chemistry 

M. Eigen. 1971. Self-organization of matter and the evolution of biological macromolecules.  
Naturwissenschaften 58:465-523 

The error threshold 



Selma Gago, Santiago F. Elena, Ricardo Flores, Rafael Sanjuán. 2009, Extremely high mutation rate 
of a hammerhead viroid. Science 323:1308. 

Mutation rate and genome size 



single peak fitness landscape 

uniform error rate model 

Approximations for handling realistic chain lengths 



The error threshold 

Jörg Swetina, Peter Schuster. 1982. Self-replication with errors. A model for 
polynucleotide replication. Biophys. Chem. 16, 329-345 



Quasispecies and error threshold 

l = 50, f0 = 1.1, fn = 1.0, pcr = 0.001904 

Jörg Swetina, Peter Schuster. 1982. Self-replication with errors. A model for polynucleotide replication. 
Biophys.Chem. 16, 329-345. 



Ira Leuthäusser. 1987. Statistical mechanics of Eigen‘s evolution model. J.Statist.Phys.48, 343-360 
 
Pedro Tarazona. 1992. Error thresholds for molecular quasispecies as phase transitions:  
From simple landscapes to spin-glass models. Phys.Rev.A 45, 6038-6050. 

Quasispecies and statistical mechanics of spin systems 



Pedro Tarazona. 1992. Error thresholds for molecular quasispecies as phase transitions:  
From simple landscapes to spin-glass models. Phys.Rev.A 45, 6038-6050. 

Quasispecies and statistical mechanics of spin systems 

distribution on the surface layer                               bulk distribution 

stationary distribution on the single peak landscape 
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The space of binary sequences 



Neighbor distribution on binary sequence spaces 



Mutation flow component and mutation flow 



Definition of the mutation flow 



Mutational flux balance and quasispecies 



Mutational flux balance and quasispecies 

mutational flux balance 



1. Quasispecies and Crow-Kimura model 
 

2. Mutation flow analysis 
 

3. Zero backflow and phenomenological approach 
 

4. Error thresholds on model landscapes 
 

5. Error thresholds on realistic landscapes 



Zero mutation backflow 



single peak, uniform error: 

Kinetic equations of the zero backflow approximation 



Solutions of the zero backflow approximation 

lpQ )1( −= and 



single peak, uniform error 

The phenomenological approach (Eigen, 1971) 

;  j = 1, . . . , N 



The phenomenological approach (Eigen, 1971) 



Comparison of exact, zero backflow and phenomenological solutions 

master sequence 



Comparison of exact, zero backflow and phenomenological solutions 

master sequence 



Comparison of exact, zero backflow and phenomenological solutions 

one-error mutants 



Comparison of exact, zero backflow and phenomenological solutions 

two-error mutants 



Error threshold in the exact and in the phenomenological solution 



Error threshold in the exact and in the phenomenological solution 
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Single peak landscape 

Model fitness landscapes 



Quasispecies and error threshold 

l = 50, f0 = 1.1, fn = 1.0, pcr = 0.001904 



Quasispecies and error threshold exact and in the phenomenological approach 

l = 50, f0 = 1.1, fn = 1.0, pcr = 0.001904 



Model fitness landscapes 

Linear and multiplicative fitness 

Thomas Wiehe. 1997. Model dependency of error 
thresholds: The role of fitness functions and  
contrasts between the finite and infinite sites 
models. Genet. Res. Camb. 69:127-136 



The linear fitness landscape does not show an error threshold 



l = 100, f0 = 10, f = 1.0, pcr = 0.02276  

single peak landscape 

l = 100, f0 = 10, f = 0.009472 

multiplicative landscape 

Quasispecies in the entire range 0  p 1/2 



Quantitative analysis of error thresholds 

level crossing of master sequence:   ( ) ϑϑ =)(
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Level crossing on model landscapes 

l = 100, f0 = 10.0, fn = 1.0, pcr = 0.0227628 



additive: l = 20 (10), f0 = 1.1, fn = 0.9 
 

single peak: l = 20 (10), f0 = 1.1, fn = 1.0, pcr = 0.0047542 (0.0094857) 

Complementary class mergence on model landscapes 



Model fitness landscapes 

step-linear landscape 



Level crossing on model landscapes 

l = 20, f0 = 10.0, fn = 1.0, pcr = 0.108749 



Width of the error threshold on the steplinear landscape 

h = 0,1 , h = 2 , h = 3 , h = 4  
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Rugged fitness landscapes over individual binary sequences with n = 10 

„realistic“ landscape 
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“experimental computer biology”:    
(i) choose seeds, e.g., s  {000, … , 999},           
(ii) compute landscape,  f(Sj), j = 1, … , N,           
(iii) compute and analyze quasispecies, (p,d)      



L(10,2,1.1,1.0; 0.0, d = 0.5, 919) 

„Realistic“ random landscape  



„Realistic“ random landscape  

L(10,2,1.1,1.0; 0.0, d = 1.0, 637) 



Quasispecies and error threshold on L(10,2,1.1,1.0;0.0,d,023) 

d = 0.000 

d = 0.500 



Quasispecies and error threshold on L(10,2,1.1,1.0;0.0,d,023) 

d = 0.950 

d = 1.000 



  

Quasispecies transition on L(10,2,1.1,1.0;0.0,1.000,023) 



Quasispecies transition on  
L(10,2,1.1,1.0;0.0,d,023) 

centered around X000 

centered around X911 



L (10 , 2 ,1.1 , 1.0 ; 0.0 , d  , 023) : 
 pcr = 0.009486 ;   =  = 0.01 

Level crossing and complementary class  
merging for quasispecies with transition 



Transition between quasispecies 

Peter Schuster, Jörg Swetina. 1988. Stationary mutant distributions and evolutionary 
optimization. Bull.Math.Biol. 50, 635-660 



Transition between quasispecies m  k 



Transitions between quasispecies 



Error threshold on realistic landscapes 
 

n = 10,  f0 = 1.1, fn = 1.0, s = 637 

d  = 0.5 

Choice of random scatter: 
 

s = 637 

d = 0.995 

d = 1.0 



d = 1.0 

Error threshold on realistic landscapes 
 

n = 10,  f0 = 1.1, fn = 1.0, s = 919 

Choice of random scatter: 
 

s = 919 

d = 0.5 

d = 0.995 



L (10 , 2 ,1.1 , 1.0 ; 0.0 , d  , 919) : pcr = 0.009486 ;   =  = 0.01 

Level crossing and compelementary class merging for strong quasispecies 



Determination of the dominant mutation flow:  d = 1.0 , s = 637 



Determination of the dominant mutation flow:  d = 1.0 , s = 919 



Predictions of the strong quasispecies concept 
 
1. A strong quasispecies is dominated by a clan of 

mutationally coupled closely related sequences. 
 

2. A four-membered clan consists of the master sequence 
being the fittest sequence, its fittest one error mutant, 
the fittest two-error mutant that has to lie in the one-
error neighborhood of the fittest one-error mutant, and 
the fourth sequence completing the mutationally coupled 
quartet. 
 
 
 

3. A strong quasispecies is stable against changes in the 
mutation rate and hence provides an evolutionary 
advantage over conventional quasispecies.    



Thank you for your attention! 
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