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Definition Graph G = (V(G),E(G)) (= (V,E)).
V(G) ... vertex set, E(G) ... edge set.

Undirected graph: The elements of E are subsets of V. with |e| €
{1,2}. le|=1 ... loop

Example: V = {vq,vp,v3,v4,v5}, E = {{v1,v2}, {v1}}.
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Definition Strong product G1 X Go:
V(G1 B Go) = {(x1,22) | z1 € V(G1) and z5 € V(G2)}

E(G1®G2) = {{(z1,72), W1,92)} | {zi,u:} € E(G;) for i = 1,2),
({z1,y1} € E(G1) and zp = y2) or ({z2,y2} € E(G2) and 1 = y1)}.
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Properties: commutative, associative, K1 ... unit



Definition G is prime (with respect to K ), if ﬂ AR B = G with A,
B nontrivial, i.e. |[V(A)|,|V(B)| > 1.

Question: Is the prime factor decomposition unique? Algorithm?

Theorem (Dorfler and Imrich, 1969) PFD (X ) is unique for finite,
connected undirected graphs.

There is a polynomial algorithm (O(|V(G)|?)) to compute it (Feigen-
baum and Schaffer 1992).

Theorem There are polynomial algorithms to compute the PFD
with respect to O (Feigenbaum, 1985) and x (Imrich, 1997)



Idea: G given. Cover it by subgraphs. — Factorize subgraphs —
Suggest global factors

Definition G = (V,E), ve V. Bp(v) induced by {x € V | d(z,v) < n}
. ball with radius n and center v.
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Remark: Balls in products are products (X ). Conclusion:
Prime test: By(v) (C G) prime = G prime.

What about cardinal products?

: Bo(v)




Algorithm
Choose v € V(G), W =V (B2(v)), Ba(v) =A1RAN..KA,
while (W # V(Q))

x e V(G)\W with d(z, W) =1, W =W UV (B(x)),
BQ(QU) — An_|_1 X An_|_2 X .. X An_|_m

fork=1.m
forgj=1:n {

if ((A’mA’+k)7&(Z)) A’—A’UA’+k }

n—l—k =0



Al ={e € E(Bx(v)) | e € copy of A1} = {magenta edges}

A} U AL magenta and thick edges
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Output:
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Approximate products?
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