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Leaf & Descendant Clusters
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Leaf & Descendant Clusters

* Leaf Set (of a vertex u):
- All leaves reachable from u
—> denoted by C(u)
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Leaf & Descendant Clusters

C(u) ={a,b,c}

* Leaf Set (of a vertex u):
- All leaves reachable from u
—> denoted by C(u)
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Leaf & Descendant Clusters

C(u) ={a,b,c}

* Leaf Set (of a vertex u):
- All leaves reachable from u
—> denoted by C(u)

C(v) ={a,b,c}
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Leaf & Descendant Clusters

C(u) ={a,b,c}

* Leaf Set (of a vertex u):
—> All leaves reachable from u

Cw) = {b,c} —> denoted by C(u)

C(v) ={a,b,c}

P TETNN
MAX-PLANCK-INSTITUT ; _ _ i ﬂ;;it( UNIVERSITAT
BB AT MATHEMATIK ; Bruno Schmidt Descendant Clusters Slide 2/13 Wy | EPnG



Leaf & Descendant Clusters

C(u) ={a,b,c}

* Leaf Set (of a vertex u):
—> All leaves reachable from u

Cw) = {b,c} —> denoted by C(u)

C(v) ={a,b,c}

C(x) ={b,c}

P TETNN
MAX-PLANCK-INSTITUT ; _ _ i ﬂ;;it( UNIVERSITAT
BB AT MATHEMATIK ; Bruno Schmidt Descendant Clusters Slide 2/13 Wy | EPnG



C(u) ={a,b,c}

C(v) ={a,b,c} C(w) ={b,c}

C(x) ={b,c}
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Leaf & Descendant Clusters

* Leaf Set (of a vertex u):

- All leaves reachable from u

—> denoted by C(u)
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C(u) ={a,b,c}

C(v) ={a,b,c} C(w) ={b,c}

C(x) ={b,c}
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Leaf & Descendant Clusters

* Leaf Set (of a vertex u):
- All leaves reachable from u
—> denoted by C(u)

* Leaf Cluster (of a DAG)
- Set of all leaf sets
2>C={C(w)|u€eV(G)}
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Leaf & Descendant Clusters

C(u) ={a,b,c}

* Leaf Set (of a vertex u):
—> All leaves reachable from u

cw) = {b, c} —> denoted by C(u)
* Leaf Cluster (of a DAG)

- Set of all leaf sets
2>C={C(w)|u€eV(G)}

C(v) ={a,b,c}

C(x) =1{b,c}
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Leaf & Descendant Clusters

C(u) ={a,b,c}

* Leaf Set (of a vertex u):
—> All leaves reachable from u

C(w) = {b, ¢} —> denoted by C(u)
* Leaf Cluster (of a DAG)

- Set of all leaf sets
2>C={C(w)|u€eV(G)}

C(v) ={a,b,c}

C(x) ={b,c}

* Descendant Set (of a vertex u)
—> All vertices reachable from u
—> (all vertices v with u > v)

- denoted by D (w)
C(a)={a} 0 C(b):{b} C(C)={c} enoted by D(u

€ = {{abc}, {bc}, {a}, (b}, {c}}
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Leaf & Descendant Clusters

C(u) ={a,b,c}
D(uw) ={u,v,w,x,a,b,c}

* Leaf Set (of a vertex u):
—> All leaves reachable from u

C(v) ={a, b, c} Cw) = {b, c} - denoted by C(u)
* Leaf Cluster (of a DAG)

—> Set of all leaf sets
2>C={C(w)|u€eV(G)}

C(x) =1{b,c}

* Descendant Set (of a vertex u)

- All vertices reachable from u

—> (all vertices v with u > v)
—> denoted by D(u)

C(a) = {a} a a C(b) = {b}

€ = {{abc}, {bc}, {a}, (b}, {c}}

C(c) = {c}
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C(u) ={a,b,c}
D(uw) ={u,v,w,x,a,b,c}

C(v) ={a,b,c} C(w) ={b,c}

D) ={v,x,ab,c}

C(x) ={b,c}

cw=w@ (e) (b)ecw=w (¢)c©=1(
C = {{abc}, {bc} {a}, {b}, {c}}
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Leaf & Descendant Clusters

* Leaf Set (of a vertex u):
- All leaves reachable from u
—> denoted by C(u)

* Leaf Cluster (of a DAG)
- Set of all leaf sets
2>C={C(w)|u€eV(G)}

* Descendant Set (of a vertex u)
—> All vertices reachable from u

—> (all vertices v with u > v)
—> denoted by D(u)
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Leaf & Descendant Clusters

C(u) ={a,b,c}
D(uw) ={u,v,w,x,a,b,c}

* Leaf Set (of a vertex u):
—> All leaves reachable from u

Cw) = {b,c) —> denoted by C(u)

D(w) = {w,x, b, c} * Leaf Cluster (of a DAG)
- Set of all leaf sets
2>C={C(w)|u€eV(G)}

C(v) ={a,b,c}
D) ={v,x,ab,c}

C(x) ={b,c}

* Descendant Set (of a vertex u)
—> All vertices reachable from u

—> (all vertices v with u > v)
—> denoted by D(u)

C(a) = {a} a a C(b) = {b}

€ = {{abc}, {bc}, {a}, (b}, {c}}

C(c) = {c}
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Leaf & Descendant Clusters

C(u) ={a,b,c}
D(uw) ={u,v,w,x,a,b,c}

* Leaf Set (of a vertex u):
—> All leaves reachable from u

Cw) = {b,c) —> denoted by C(u)

D(w) = {w,x, b, c} * Leaf Cluster (of a DAG)
- Set of all leaf sets
2>C={C(w)|u€eV(G)}

C(v) ={a,b,c}
D) ={v,x,ab,c}

C(x) =1{b,c}
D(x) ={x,b,c} * Descendant Set (of a vertex u)

- All vertices reachable from u

—> (all vertices v with u > v)
—> denoted by D(u)

C(a) = {a} a a C(b) = {b}

€ = {{abc}, {bc}, {a}, (b}, {c}}

C(c) = {c}
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Leaf & Descendant Clusters

C(u) ={a,b,c}
D(uw) ={u,v,w,x,a,b,c}

* Leaf Set (of a vertex u):
—> All leaves reachable from u

Cw) = {b,c) —> denoted by C(u)

D(w) = {w,x, b, c} * Leaf Cluster (of a DAG)
- Set of all leaf sets
2>C={C(w)|u€eV(G)}

C(v) ={a,b,c}
D) ={v,x,ab,c}

C(x) =1{b,c}
D(x) ={x,b,c} * Descendant Set (of a vertex u)

- All vertices reachable from u

—> (all vertices v with u > v)
—> denoted by D(u)

€ = {{abc}, {bc}, {a}, (b}, {c}}

{:s;:;'\--“,{ . .
MAX-PLANCK-INSTITUT A _ _ S s UNIVERSITAT
B EMATIE N Bruno Schmidt Descendant Clusters Slide 2/13 45 | LEIPZIG



C(u) ={a,b,c}
D(uw) ={u,v,w,x,a,b,c}

C(w) = {b,c}
D(w) ={w,x, b, c}

C(v) ={a,b,c}
D) ={v,x,ab,c}

C(x) =1{b,c}
D(x) ={x,b,c}

C(a) = {a} C(b) = {b} C(c) ={c}
D(a) = {a} a e D(b) = {b} D(c) = {c}
C = {{abc}, {bc} {a}, {b}, {c}}
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Leaf & Descendant Clusters

Leaf Set (of a vertex u):
- All leaves reachable from u
—> denoted by C(u)

Leaf Cluster (of a DAG)
- Set of all leaf sets
2>C={C(w)|u€eV(G)}

Descendant Set (of a vertex u)
—> All vertices reachable from u
—> (all vertices v with u > v)

—> denoted by D(u)

Descendant Cluster (of a DAG)
- Set of all descendant sets
>D={DW) |ueV(e)}
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Leaf & Descendant Clusters

C(u) ={a,b,c}
D(uw) ={u,v,w,x,a,b,c}

* Leaf Set (of a vertex u):
—> All leaves reachable from u

Cw) = {b,c) —> denoted by C(u)

D(w) = {w,x,b,c)} * Leaf Cluster (of a DAG)
- Set of all leaf sets
2>C={C(w)|u€eV(G)}

C(v) ={a,b,c}
D) ={v,x,ab,c}

C(x) =1{b,c}

D(x) ={x,b,c} * Descendant Set (of a vertex u)
—> All vertices reachable from u
—> (all vertices v with u > v)
—> denoted by D(u)

C(c) = {c}

D(c) = {c} * Descendant Cluster (of a DAG)
- Set of all descendant sets
>D={Dw)|u€eV(G)}

C(a) = {a} 0 e C(b) = {b}

D(a) = {a} D(b) = {b}

C = {{abc}, {bc} {a}, {b}, {c}}
D = {{uvwxabc}, {vxabc},{wxbc}, {xbc},{a},{b}, {c}}
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Hasse Diagram
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Hasse Diagram

* “Diagram” or Graph to visualize partial orders
2> edge (x,y) iffx =y, Awwithx =w =y
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Hasse Diagram

* “Diagram” or Graph to visualize partial orders
2> edge (x,y) iffx =y, Awwithx =w =y

 Often utilized to visualize set systems
- partial order is (G, ©)
- edge (x,y) iffy S x,Zw withy S w S x
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Hasse Diagram

* “Diagram” or Graph to visualize partial orders
2> edge (x,y) iffx =y, Awwithx =w =y

 Often utilized to visualize set systems
- partial order is (G, ©)
- edge (x,y) iffy S x,Zw withy S w S x

MAX-PLANCK-INSTITUT @ _
N DEN NATURY LR MATHEMATIK £ Bruno Schmidt Descendant Clusters

S = {labc}, tbch, 1aj, b}, (c}}
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Hasse Diagram

* “Diagram” or Graph to visualize partial orders
2> edge (x,y) iffx =y, Awwithx =w =y

 Often utilized to visualize set systems
- partial order is (G, ©)
- edge (x,y) iffy S x,Zw withy S w S x

MAX-PLANCK-INSTITUT @ _
N DEN NATURY LR MATHEMATIK £ Bruno Schmidt Descendant Clusters

()

S = {labc}, tbch, 1aj, b}, (c}}
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Hasse Diagram

* “Diagram” or Graph to visualize partial orders
2> edge (x,y) iffx =y, Awwithx =w =y

 Often utilized to visualize set systems
- partial order is (G, ©)
- edge (x,y) iffy S x,Zw withy S w S x

MAX-PLANCK-INSTITUT @ _
N DEN NATURY LR MATHEMATIK £ Bruno Schmidt Descendant Clusters

H(S)
[{abc}]

S = {labc}, tbch, 1aj, b}, (c}}
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Hasse Diagram

* “Diagram” or Graph to visualize partial orders
2> edge (x,y) iffx =y, Awwithx =w =y

 Often utilized to visualize set systems
- partial order is (G, ©)
- edge (x,y) iffy S x,Zw withy S w S x

MAX-PLANCK-INSTITUT @ _
N DEN NATURY LR MATHEMATIK £ Bruno Schmidt Descendant Clusters

S = {labc}, tbch, 1aj, b}, (c}}
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Hasse Diagram

e “Diagram” or Graph to visualize partial orders H(S)
2> edge (x,y) iffx =y, Awwithx =w =y

 Often utilized to visualize set systems
- partial order is (G, ©)
- edge (x,y) iffy S x,Zw withy S w S x {bc}

aj
S = {labc}, tbch, 1aj, b}, (c}}
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Hasse Diagram

e “Diagram” or Graph to visualize partial orders H(S)
2> edge (x,y) iffx =y, Awwithx =w =y

 Often utilized to visualize set systems
- partial order is (G, ©)
- edge (x,y) iffy S x,Zw withy S w S x {bc}

S = {labc}, tbch, 1aj, b}, (c}}
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Hasse Diagram

e “Diagram” or Graph to visualize partial orders H(S)
2 edge (x,y) iffx =y, Awwithx zw >y
[{abc}]

 Often utilized to visualize set systems
- partial order is (G, ©)
- edge (x,y) iffy S x,Zw withy S w S x {bc}

S = {labc}, tbch, 1aj, b}, (c}}
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Hasse Diagram

e “Diagram” or Graph to visualize partial orders H(S)
2> edge (x,y) iffx =y, Awwithx =w =y

 Often utilized to visualize set systems
- partial order is (G, ©)
- edge (x,y) iffy S x,Zw withy S w S x

(C}
S = {labc}, tbch, 1aj, b}, (c}}
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Hasse Diagram

e “Diagram” or Graph to visualize partial orders H(S)
2> edge (x,y) iffx =y, Awwithx =w =y

 Often utilized to visualize set systems
- partial order is (G, ©)
- edge (x,y) iffy S x,Zw withy S w S x

(C}
S = {labc}, tbch, 1aj, b}, (c}}
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Hasse Diagram

e “Diagram” or Graph to visualize partial orders H(S)
2> edge (x,y) iffx =y, Awwithx =w =y

 Often utilized to visualize set systems
- partial order is (G, ©)
- edge (x,y) iffy S x,Zw withy S w S x

S = {labc}, tbch, 1aj, b}, (c}}
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Hasse Diagram

C(u) ={a,b,c}

C(v) ={a,b,c} C(w) = {a, b}

C(x) = {a, b}

C(c) = {c}

C(a) = {a} o o c(b) = {b}

MAX-PLANCK-INSTITUT @ .
BT e T HEMATIC Bruno Schmidt Descendant Clusters
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Hasse Diagram

C(u) ={a,b,c}

C(v) ={a,b,c} C(w) = {a, b}

C(x) = {a,b}

C(c) = {c}

C(a) = {a} o o c(b) = {b}
C = {{abc}, {bc},{a}, {b},{c}}

MAX-PLANCK-INSTITUT @ .
BT e T HEMATIC Bruno Schmidt Descendant Clusters
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Hasse Diagram

C(u) ={a,b,c}

C(v) ={a,b,c} C(w) = {a, b}

C(x) = {a,b}

C(c) ={c}

C(a) = {a} o o c(b) = {b}
C = {{abc}, {bc},{a}, {b},{c}}

MAX-PLANCK-INSTITUT @ .
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Hasse Diagram

C(u) ={a,b,c}

C(w) ={a,b,c{ C(w) = {a, b}

C(x) = {a,b}

c(a) = {a} o o C(b) = {b} ° c(c) = {c}
C = {{abc}, {bc}, {a}, {b}, {c}}

MAX-PLANCK-INSTITUT @ .
BT e T HEMATIC ' Bruno Schmidt Descendant Clusters

ta}

7 (6)

{abc}

{bc}
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Hasse Diagram

C(u) ={a,b,c}
H(C)

( € = {a, b} (he)

\

c(a) = {a} o o C(b) = (b} ° Co) = () {a} {b} {c}
C = {{abc}, {bc}{a}, {b}, {c}}
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Hasse Diagram

D(u) = {u,v,w,x,a,b,c}

D(U) = {U, x, a, b: C} D(W) = {W, X, Qa, b}

{x,a, b}

D(a)={a} D(b)={b} D(c)={c}

D = {{uvwxabc}, {vxabc},{wxbc},{xbc},{a},{b}, {c}}

MAX-PLANCK-INSTITUT @ .
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Hasse Diagram

D(u) = {u,v,w,x,a,b,c}

D(U) = {U, x, a, b: C} D(W) = {W, X, Qa, b}

{x,a, b}

MAX-PLANCK-INSTITUT @ .
BT e T HEMATIC ' Bruno Schmidt Descendant Clusters

H (D)
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Hasse Diagram

D(u) = {u,v,w,x,a,b,c}

D(U) = {U, x, a, b: C} D(W) = {W, X, Qa, b}

{x,a, b}

MAX-PLANCK-INSTITUT @ .
BT e T HEMATIC ' Bruno Schmidt Descendant Clusters

H (D)

[ {uvwxabc} ]
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Hasse Diagram

H (D)

D(u) = {u,v,w,x,a,b,c}

[ {uvwxabc} ]

D(U) = {U, x, a, b: C} D(W) = {W, X, Qa, b}

[ {vxabc} ]

{x,a, b}
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Hasse Diagram

D(u) = {u,v,w,x,a,b,c}

D(U) = {U, x, a, b: C} D(W) = {W, X, Qa, b}

{x,a, b}
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IN DEN NATURVE:JSRSEANAST(';:M‘;’ES N Bruno Schmidt Descendant Clusters

H (D)

[ {uvwxabc} ]

[ {vxabc} ]
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Hasse Diagram

D(u) = {u,v,w,x,a,b,c}

D(U) = {U, x, a, b: C} D(W) = {W, X, Qa, b}

{x,a, b}
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H (D)

[ {uvwxabc} ]

[ {vxabc} ]

{xbc}
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Hasse Diagram

H (D)

D(u) = {u,v,w,x,a,b,c}

[ {uvwxabc} ]

D(U) = {U, x, a, b: C} D(W) = {W, X, Qa, b}

[ {vxabc} ] [ {wxbc} ]

{x,a, b}
{xbc}
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Hasse Diagram

H (D)

D(u) = {u,v,w,x,a,b,c}

{uvwxabc} ]

D(U) = {U, x, a, b: C} D(W) = {W, X, Qa, b}

[ {vxabc} ] [ {wxbc} ]

{x,a, b}
{xbc}
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H (D)

{uvwxabc}

D(v) ={v,x,a,b,c}

[{vxabc}] [iﬁmxbc}]

{xbc}
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H (D)

{uvwxabc}

{vxabc} {wxbc}
[ J
{x,a, b}

D(v) ={v,x,a,b,c}

D = {{uvwxabc}, {vxabc},{wxbc},{xbc},{a},{b}, {c}}

UNIVERSITAT
LEIPZIG

CTRBR,
MAX-PLANCK-INSTITUT A _ _ Lrﬂ"‘l]:f
BT L Tk £ Bruno Schmidt Descendant Clusters Slide 5/13 Qe



H (D)

{uvwxabc}

) {wxbc} ]

D(v) ={v,x,a,b,c}

UNIVERSITAT
LEIPZIG

A
MAX-PLANCK-INSTITUT A _ _ Lrﬂ"‘l]:f
SRR e £ Bruno Schmidt Descendant Clusters Slide 5/13 Qe



H (D)

{uvwxabc}

) {wxbc} ]
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H (D)

D(u) = {u,v,w,x,a,b,c}

{uvwxabc}

) {wxbc} ]

D(U) = {U, x, a, b: C} D(W) = {W, X, Qa, b}

D = {{uvwxabc}, {vxabc},{wxbc},{xbc},{a},{b}, {c}}

Are G and (D) connected?
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H®D)
D(u) = {u,v,w,x,a,b,c}

{uvwxabc}
D(w) = {w, x, a, b}

D(v) ={v,x,a,b,c}

D = {{uvwxabc}, {vxabc},{wxbc},{xbc},{a},{b}, {c}}

Are G and (D) connected?
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Some Descendant Clusters Properties

D(u) ={u,v,w,x,a,b,c}

D(v) = {v,x,a,b,c} D(w) = {w,x,a, b}

{x,a,b}
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Some Descendant Clusters Properties

Let G be a DAG, then:

D(u) ={u,v,w,x,a,b,c}

D(v) = {v,x,a,b,c} D(w) = {w,x,a, b}

{x,a,b}
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Some Descendant Clusters Properties

Let G be a DAG, then:

(i) D(u) = D(v)ifand onlyif u =v

= Assume D(u) = D(v),u # v
2>u€D),veD) B
2> pathsu..v,v..uinG D(v) ={v,x,a,b,c}
—> G contains a cycle }

D(u) ={u,v,w,x,a,b,c}

D(w) = {w, x,a, b}

{x,a,b}
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Some Descendant Clusters Properties

Let G be a DAG, then:

(i) D(u) = D(v)ifand onlyif u =v

= Assume D(u) = D(v),u # v
2>u€D),veD) B
2> pathsu..v,v..uinG D(v) ={v,x,a,b,c}
—> G contains a cycle }

D(u) ={u,v,w,x,a,b,c}

D(w) = {w, x,a, b}

(ii) v € D(u) ifand only if D(v) € D(u) {x,a,b}
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Some Descendant Clusters Properties

Let G be a DAG, then:

D(u) ={u,v,w,x,a,b,c}

(i) D(u) = D(v)ifand onlyif u =v

= Assume D(u) = D(v),u # v
2> u€ D), v € D(u)

2> pathsu..v,v..uinG

—> G contains a cycle }

D(v) = {v,x,a,b,c} D(w) = {w,x,a, b}

(ii) v € D(u) ifand only if D(v) € D(u) D(x) = {x,a, b}

—-v € D(u), then there is path u ... v.
- Vx € D(v) thereis path v ... x.
- Vx € D(v) thereis path u ... v ... x (acyclicity)

—> consequently D(v) € D(u). D(a) = {a} o o D(b) = {b} o D(c) = {c}
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Some Descendant Clusters Properties

Let G be a DAG, then:

D(u) ={u,v,w,x,a,b,c}

(i) D(u) = D(v)ifand onlyif u =v

= Assume D(u) = D(v),u # v
2> u€ D), v € D(u)

2> pathsu..v,v..uinG

—> G contains a cycle }

D(v) = {v,x,a,b,c} D(w) = {w,x,a, b}

(ii) v € D(u) ifand only if D(v) € D(u) D(x) = {x,a, b}

—-v € D(u), then there is path u ... v.
- Vx € D(v) thereis path v ... x.
- Vx € D(v) thereis path u ... v ... x (acyclicity)

—> consequently D(v) € D(u). D(a) = {a} o o D(b) = {b} o D(c) = {c}
2> D(v) € D(u)

2>v € D(v),u € D(u) by definition
->D(v) € D(u) impliesv € D(u)
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Hasse Diagram Isomorphism

D(u)! {fuvwxabc} !

D(v) | {vxabc} D(w)| {wxbc}

D(x) | {xbc}
{a} {b} {c}
o o o D(a) D(b) D(c)
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Hasse Diagram Isomorphism

()D(u) =DW)ifandonlyifu=v

D(u)! {fuvwxabc} !

D(v) | {vxabc} D(w)| {wxbc}

D(x) | {xbc} :
Y
© @ b @ 5
D(a)  D(b) D(c)
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Hasse Diagram Isomorphism

()D(u) =DW)ifandonlyifu=v
(i) yields bijection between V(G) and D

2> $:V(G) > D, ¢p(u) =D(u) D(u)! {uvwxabc} !

D(v) | {vxabc} D(w)| {wxbc}

D(x) | {xbc} :
Y
© @ b @ @ g
D(a) D(b) D(c)
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Hasse Diagram Isomorphism

()D(u) =DW)ifandonlyifu=v
(i) yields bijection between V(G) and D

2> $:V(G) > D, ¢p(u) =D(u) D(u)! {uvwxabc} !

(ii) v € D(u) ifand only if D(v) € D(u) D(v) | {vxabc} D(w)| {wxbc}
D(x) [be)
O @O
D(a) D(b) D(c)
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Hasse Diagram Isomorphism

()D(u) =DW)ifandonlyifu=v
(i) yields bijection between V(G) and D

2> $:V(G) > D, ¢p(u) =D(u) D(u)! {uvwxabc} !

(ii) v € D(u) ifand only if D(v) € D(u) D(v) | {vxabc} D(w)| {wxbc}

* Let (u,v) € E(G).
- if (u, v) is a shortcut, thereisaw € D(u)

with D(v) € D(w) € D(w), (D(w), D(v)) & E(H (D)) D (x) | {xbe}
- if (u,(v) isnota simrtcut there is no such w :
and (D(u),D(v)) € E(H (D)) v
O {a) () {c}
o o D(a) D(b) D(c)
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Hasse Diagram Isomorphism

()D(u) =DW)ifandonlyifu=v
(i) yields bijection between V(G) and D

2> $:V(G) > D, ¢p(u) =D(u) D(u)! {uvwxabc} !

(ii) v € D(u) if and only if D(v) € D(u) D(v) | {vxabc} D(w)| {wxbc}

* Let (u,v) € E(G).
- if (u, v) is a shortcut, thereisaw € D(u)

with D(v) € D(w) € D(w), (D(w), D(v)) & E(H (D)) D (x) | {xbe}
- if (u,(v) isnota silortcut there is no such w :
and (D(u),D(v)) € E(H (D)) v
O {a) () {c}
o o D(a) D(b) D(c)

* Let,(D(w),D(v)) € E(H(D))
- Aw distinct from u, v with D(v) € D(w) € D(u)
> D) €D()andpathP=u..vinG
2> |P|>1thenP=u..w..vand D(v) € D(w) S D(u)}
- |P|=1 and (u, v) € E(G)
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Hasse Diagram Isomorphism

()D(u) =DW)ifandonlyifu=v
(i) yields bijection between V(G) and D

2> $:V(G) > D, ¢p(u) =D(u) D(u)! {uvwxabc} !

(ii) v € D(u) ifand only if D(v) € D(u) D(v) | {vxabc} D(w)| {wxbc}

* Let (u,v) € E(G).
- if (u, v) is a shortcut, thereisaw € D(u)

with D(v) € D(w) € D(w), (D(w), D(v)) & E(H (D)) D (x) | {xbe}
- if (u,(v) isnota simrtcut there is no such w :
and (D(u),D(v)) € E(H (D)) v
O {a) () {c}
o o D(a) D(b) D(c)

* Let,(D(w),D(v)) € E(H(D))
- Aw distinct from u, v with D(v) € D(w) € D(u)
> D(v) € D(u) andpathP=u..vinG G is isomorphic to H(D) (minus some shortcuts)
2> |P|>1thenP=u..w..vand D(v) € D(w) S D(u)} Oor:

2 [Pl=1and (u,v) € E(G) the transitive reduction of G is isomorphic to H (D).
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Descendant Clusters

* (Given a set system ©:
- when is S equal to the descendant clusters of a DAG?
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Descendant Clusters

* (Given a set system ©:
- when is S equal to the descendant clusters of a DAG?

{uvwxabc}
{vxabc} {wxbc}
{xbc}
"2
{a} {b} {c}
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Descendant Clusters

* (Given a set system ©:
- when is S equal to the descendant clusters of a DAG?

{uvwxabc}

* Not the case for every set system.

- Maybe we need more sets? {vxabc) {wxbc}

(at least as many sets as “vertices”)
- Maybe we need all singletons?
- Maybe we need ... {xbc}

{a} {b} {c}
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* (Given a set system ©:
- when is S equal to the descendant clusters of a DAG?

{uvwxabc}

* Not the case for every set system.

- Maybe we need more sets? {vxabc) {wxbc}

(at least as many sets as “vertices”)
- Maybe we need all singletons?
- Maybe we need ... {xbc}

{a} {b} {c}
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Descendant Clusters

* (Given a set system ©:
- when is S equal to the descendant clusters of a DAG?

! {uvwxabc} !

* Not the case for every set system.

- Maybe we need more sets? {vxabc} {wxbc}
(at least as many sets as “vertices”) .
- Maybe we need all singletons? :
- Maybe we need ... txbe} :
¥
{a} {b} {c}
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Descendant Clusters

* (Given a set system ©:
- when is S equal to the descendant clusters of a DAG?

* Not the case for every set system.
- Maybe we need more sets?
(at least as many sets as “vertices”)
- Maybe we need all singletons?
- Maybe we need ...

! {uvwxabc} !

{vxabc} {wxbc}

{a}

MAX-PLANCK-INSTITUT @ _
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* (Given a set system ©:
- when is S equal to the descendant clusters of a DAG?

* Not the case for every set system.
- Maybe we need more sets?
(at least as many sets as “vertices”)
- Maybe we need all singletons?
- Maybe we need ...

! {uvwxabc} !

{vxabc}

{wxbc}

* Maybe we start with a function that finds the “correct”
descendant set in D for a vertex without consulting G.

{a}
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D-Snake! D

* For set system S over X and u € X:
> derive U = {A € & | u € A}
(all sets in S that contain u)
- find “minimal” U € U such that
UcU'forallU eU
>D(u)=U
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D-Snake! D

* For set system S over X and u € X:
> derive U = {A € & | u € A}
(all sets in S that contain u)
- find “minimal” U € U such that
UcU'forallU eU
>D(u)=U

* Corresponds to a minimal element,
or sink, in the by U induced subgraph
of 1 () (H(S)[T])
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D-Snake! D

* For set system & over X and u € X: {uvwxabc}
> derive U ={A € & | u € A}
(all sets in S that contain u)

- find “minimal” U € U such that
Uc U forallU e U
>D(u):=U

{wxbc}

* Corresponds to a minimal element,
or sink, in the by U induced subgraph
of 1 () (H(S)[T])
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D-Snake! D

* For set system & over X and u € X: E(u) {uvwxabc}
> derive U ={A € S |u € A}
(all sets in S that contain u)

- find “minimal” U € U such that
Uc U forallU e U
>D(u):=U

{wxbc}

* Corresponds to a minimal element,
or sink, in the by U induced subgraph
of 1 () (H(S)[T])
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D-Snake! D

* For set system © over X and u € X: E(u)
> derive U ={A € & | u € A}

(all sets in S that contain u)
- find “minimal” U € U such that
UcU'forallU eU
>D(u)=U

{wxbc}

* Corresponds to a minimal element,
or sink, in the by U induced subgraph
of 1 () (H(S)[T])
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D-Snake! D

* For set system © over X and u € X: E(u) = {uvwxabc}
> derive U ={A € S |u € A}

(all sets in S that contain u)
- find “minimal” U € U such that
UcU'forallU eU
>D(u)=U

{wxbc}

* Corresponds to a minimal element,
or sink, in the by U induced subgraph
of 1 () (H(S)[T])
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D-Snake! D

(all sets in S that contain u)
- find “minimal” U € U such that
UcU'forallU eU
>D(u)=U

* For set system G over X and u € X: D(u) = {fuvwxabc} {uvwxabc}
> derive U ={A € S |u € A}

{wxbc}

* Corresponds to a minimal element,
or sink, in the by U induced subgraph
of 1 () (H(S)[T])
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* For set system G over X and u € X: D(u) = {fuvwxabc} {uvwxabc}
> derive U ={A € S |u € A}

(all sets in G that contain u) D )
= find “minimal” U € U such that

UcU' forallU €U
>D(u)=U

{wxbc}

* Corresponds to a minimal element,
or sink, in the by U induced subgraph
of 1 () (H(S)[T])
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D-Snake! D

* For set system & over X and u € X: E(u) = {uvwxabc} {uvwxabc}
> derive U ={A € S |u € A}
(all sets in G that contain u) D )
- find “minimal” U € U such that

Uc U forallU e U
>D(u):=U

{wxbc}

* Corresponds to a minimal element,
or sink, in the by U induced subgraph
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* For set system S over X and u € X:
> derive U = {A € & | u € A}
(all sets in S that contain u)
- find “minimal” U € U such that
UcU'forallU eU
>D(u)=U

* Corresponds to a minimal element,
or sink, in the by U induced subgraph
of 1 () (H(S)[T])
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D (u) = {uvwxabc}

D(v) = {vxabc}

Descendant Clusters

{uvwxabc}
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* For set system S over X and u € X:
> derive U = {A € & | u € A}
(all sets in S that contain u)
- find “minimal” U € U such that
UcU'forallU eU
>D(u)=U

* Corresponds to a minimal element,
or sink, in the by U induced subgraph
of 1 () (H(S)[T])
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D (u) = {uvwxabc}

D(v) = {vxabc}

Descendant Clusters
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* For set system S over X and u € X:
> derive U = {A € & | u € A}
(all sets in S that contain u)
- find “minimal” U € U such that
UcU'forallU eU
>D(u)=U

* Corresponds to a minimal element,
or sink, in the by U induced subgraph
of 1 () (H(S)[T])
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D (u) = {uvwxabc}
D(v) = {vxabc}
D(w)

Descendant Clusters

laj

}{uvwxabc}{
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* For set system S over X and u € X:
> derive U = {A € & | u € A}
(all sets in S that contain u)
- find “minimal” U € U such that
UcU'forallU eU
>D(u)=U

* Corresponds to a minimal element,
or sink, in the by U induced subgraph
of 1 () (H(S)[T])
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D (u) = {uvwxabc}
D(v) = {vxabc}
D(w)

Descendant Clusters
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{uvwxabc}
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* For set system S over X and u € X:
> derive U = {A € & | u € A}
(all sets in S that contain u)
- find “minimal” U € U such that
UcU'forallU eU
>D(u)=U

* Corresponds to a minimal element,
or sink, in the by U induced subgraph
of 1 () (H(S)[T])
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D (u) = {uvwxabc}
D(v) = {vxabc}
D(w) = {wxbc}

Descendant Clusters
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* For set system S over X and u € X:
> derive U = {A € & | u € A}
(all sets in S that contain u)
- find “minimal” U € U such that
UcU'forallU eU
>D(u)=U

* Corresponds to a minimal element,
or sink, in the by U induced subgraph
of 1 () (H(S)[T])
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D-Snake!

* For set system © over X and u € X: E(u) = {uvwxabc} {uvwxabc}
> derive U ={A € S |u € A}
(all sets in G that contain u) 5 —
- find “minimal” U € U such that D(v) = {vxabc}
UcU forallU' €U 5 _ b
> D) = U D(w) = {wxbc} .
D(x) = {xbc}
* Corresponds to a minimal element, D(a) = {a}
or sink, in the by U induced subgraph — .
of H(S) (H(S)[T]) D(b) = {b} Y
D() = {c} i

Let G be a DAG and D be its descendant cluster. Then, D(u) = D(u) and
f:V(G) - D, f(u) = D(u) is bijective.
(Has also been proved with non-anecdotal arguments)

MAX-PLANCK-INSTITUT @ _ :
N DEN NATURY LR MATHEMATIK £ Bruno Schmidt Descendant Clusters Slide 9/13




D-Snake!

UNIVERSITAT
LEIPZIG

MAX-PLANCK-INSTITUT
FUR MATHEMATIK
IN DEN NATURWISSENSCHAFTEN

Bruno Schmidt Descendant Clusters Slide 10/13




D-Snake!

(THM) Let & be a set system over X. Then, © = D of a directed
graph G if and only if f: X - &, f(u) := D(u) is a bijection.
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(THM) Let & be a set system over X. Then, © = D of a directed
graph G if and only if f: X - &, f(u) := D(u) is a bijection.

(iii) x € D(v) ifand only if D(x) € D(v)
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D-Snake!

[ {uvwxabc} ]

(THM) Let & be a set system over X. Then, © = D of a directed
graph G if and only if f: X - &, f(u) := D(u) is a bijection.

[ {vxabc} ]

(iii) x € D(v) ifand only if D(x) < D(v) [ {wxbc) ]
wxbc

{xbc}

{b}
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(THM) Let & be a set system over X. Then, © = D of a directed
graph G if and only if f: X - &, f(u) := D(u) is a bijection.

(iii) x € D(v) ifand only if D(x) € D(v)

->x € D(v). D(x) has to be C-minimal
for all U € © with x € U hence D(x) € D(v)

{b}
{c}
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>D(x) € D(v). x E;ﬁ(x) and v € D (v) by definition,
consequently v € D(u)
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(THM) Let & be a set system over X. Then, © = D of a directed
graph G if and only if f: X - &, f(u) := D(u) is a bijection.
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->x € D(v). D(x) has to be C-minimal
for all U € © with x € U hence D(x) € D(v)

>D(x) € D(v). x E;ﬁ(x) and v € D (v) by definition,
consequently v € D(u)

« (iii) gives us the general properties of descendant clusters
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{b}

* Bijectivity of f ensures we are not “missing” any elements.
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D-Snake!

(THM) Let & be a set system over X. Then, © = D of a directed
graph G if and only if f: X - &, f(u) := D(u) is a bijection.

(iii) x € D(v) ifand only if D(x) € D(v)
->x € D(v). D(x) has to be S-minimal

for all U € S withx € U hence D(x) € D(v) .
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Ill.ll..... {b}
* Bijectivity of f ensures we are not “missing” any elements.

cansassssnssnnnnnnnnnnn {c}
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Outlook

e Can we somewhat robustly derive DAGs for “incomplete” D?
—> Might only described by constrains like lca(x, y) < lca(x,y, z), ...
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Outlook
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—> Might only described by constrains like lca(x, y) < lca(x,y, z), ...

* Characterization of © of DAG graph classes with certain global properties
- e.g. global last-common-ancestor networks
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Outlook

e Can we somewhat robustly derive DAGs for “incomplete” D?
—> Might only described by constrains like lca(x, y) < lca(x,y, z), ...

* Characterization of © of DAG graph classes with certain global properties
- e.g. global last-common-ancestor networks

* How does D behave for undirected graphs?

—> strongly connected components can most likely only be recovered
as blocks (cliques)
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Outlook

e Can we somewhat robustly derive DAGs for “incomplete” D?
—> Might only described by constrains like lca(x, y) < lca(x,y, z), ...

* Characterization of © of DAG graph classes with certain global properties
- e.g. global last-common-ancestor networks

* How does D behave for undirected graphs? W
—> strongly connected components can most likely only be recovered @ (2 @
as blocks (cliques)
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(@)

# | UNIVERSITAT

MAX-PLANCK-INSTITUT @ _ _ )
— Ll & Bruno Schmidt Descendant Clusters Slide 11/13 o LEIPZIG



Outlook

e Can we somewhat robustly derive DAGs for “incomplete” D?
—> Might only described by constrains like lca(x, y) < lca(x,y, z), ...

* Characterization of © of DAG graph classes with certain global properties
- e.g. global last-common-ancestor networks

* How does D behave for undirected graphs? W
—> strongly connected components can most likely only be recovered @ b @
as blocks (cliques)

* Somewhat coincides with the all-path transit function for DAGs:
A(u,v) = D(u) n P(v) (where P denotes all predecessors of v)
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Thank you!

Marc Hellmuth
Peter F. Stadler
&

Everyone attending!
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“Here is your corrected graphical abstract, e i
now with Austrian Speck accurately depicted
as a large piece of cured bacon on the right
side and the bottle of clear pear liquor on the
left. The scientific focus remains intact while
subtly and carefully integrating the conference
setting.”
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Leaf extended DAG

D(u) ={u,v,w,x,a,b,c}

D(U) = {vrx! a, b: C} D(W) = {W,.?C, a, b}

{x,a,b}

@ =(a) (b)pw) D(e) = {c} ) (&) (o) () le @
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