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Microbial community
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Q&A

Question

Given

— a set of microbial species (their metabolic models),
— a medium, and

— a growth rate:

What are the “minimal” communities?
And their interactions?
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We define:

elementary compositions & exchange fluxes (eCXs)

v

elementary compositions (eCOs)  elementary exchange fluxes (eXFs)




Metabolic networks

Stoichiometry:
A+B+E=C+E

metabolites A, B, C and enzyme &£

Kinetics:
ve = cg - Ke(TA, T, TC; D)
(total) enzyme conc. cg > 0
metabolite conc. za(t), zg(t),zc(t) >0
external metabolite conc., rate constants, etc. p > 0



Metabolic networks

Stoichiometry:
A+B+E=C+¢€
metabolites A, B, C and enzyme &£
Kinetics:
ve = cg - ke(TA, TB, TC; D)

(total) enzyme conc. cg > 0
metabolite conc. xa(t), xg(t), xc(t) > 0
external metabolite conc., rate constants, etc. p > 0

Network dynamics:

TA -1
d|r® N d
m re |l =1 [og4+- -, —x:szN(con(x,p))

7D 0 dt
. stoichiometric matrix NN, rate vector v
componentwise product o



Genome-scale metabolic models

BIOCHEMICAL
' PATHWAYS




Stoichiometric models

Based on N € R1900%2000 15 kinetics

Flux vector v (vector of steady-state net reaction rates):

de _ _
d—f—NU—O
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Stoichiometric models

Based on N € R1900%2000 15 kinetics

Flux vector v (vector of steady-state net reaction rates):
dr __ —_
dar = Nv=0

Linear methods:

o flux balance analysis (FBA):
flux polyhedron

P={v|Nv=0,9"<v <o}

max CLT'U J

veP

o elementary flux mode (EFM) analysis:
flux cone

C={v|Nv=0,v;,>0foric R}
flux mode: f € C
EFM: e € C with minimal support



Elementary vectors in metabolic pathway analysis

o Elementary flux modes (EFMs) flux cone
Elementary flux vectors (EFVs) flux polyhedron (FBA)

e Elementary conversion modes (ECMs) exchange fluxes
o Elementary growth modes (EGMs) next-generation models
resource balance analysis (RBA)

o eCXs microbial communities

eCOs, eXFs



Elementary vectors

Linear subspace S:
elementary vector (EV): e € S with minimal support

Theorem (Rockafellar 1969)
Every f € S is a finite, conformal sum of EVs:

f= Z e with sign(e) < sign(f)
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Elementary vectors

Linear subspace S:
elementary vector (EV): e € S with minimal support

Theorem (Rockafellar 1969)

Every f € S is a finite, conformal sum of EVs:

f= Ze with  sign(e) < sign(f)

Conformal refinement of Minkowski's theorem
Reaction directions, thermodynamics

Generalization (Miiller, Regensburger 2016)

linear subspace S — general polyhedral cone (e.g. flux cone C),
polyhedron (e.g. flux polyhedron P)

elementary vector: conformally non-decomposable



Microbial community




Single species: From ‘next-generation’ metabolic models ...

RMet RSyn
SMet N S
Nnxt—gen - SMac ( 0 I )
Growth dynamics:
dz
E = IVnxt-gen U — U T

for x = <
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Single species: From ‘next-generation’ metabolic models ...

RMet RSyn
SMet N S
Nnxt—gen - SMac ( 0 I )
Growth dynamics:
dx
E = IVnxt-gen U — U T
forat:% mass M =w - X

vector of molar masses w

H=w:- Nnxt-gen %



... to ‘standard’ models

Steady state:
N S UMet) <$Met>
0= —
(0 I) (’Usyn a TMac

0= NUMet — M (SxMac + xMet)
—_—

TMet
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... to ‘standard’ models

Steady state:
N S UMet) <$Met>
0= —
(0 I) (’Usyn a TMac

0= NoUMet — % (SxMac + xMet)
~—
iMet

Biomass “reaction”:

Z TMet - 1 — 1m°' -BM
i€Met

0= (N —npm) (2“"“)

bm
me

_g moI
Nbm = TMet mol’ Ubm = M ——



Multiple species
. 1)7:
o i )
e

fori =1,...,#species



Multiple species
. 1)7:
o i )
e

Exchange metabolites (in medium):

fori =1,...,#species

RExc Rint

? N SExc Neixt 0
N?) ™ smet \ NL_ N

exc int



Multiple species
. 1)7:
0=N; -
bm (Mi ?c")

Exchange metabolites (in medium):

fori =1,...,#species

RExc Rint
? N SExc Neixt 0
Ni) T swee \ N Ni

Dynamics (in medium):

dXse o
dt =< = MZ% NextVexe — @
%

M =5 M;, i = \\[1,



Community model in p, v and v

. ,Ui
O:NEZ) ( mol)v
' <o’ <,
FYZZOa

fori=1,...,#species, and

=0, ifje SExco,

Z% ih); <0, if j € SExcin,
>0, if j € SExcou,



Community model in p, v and v

. ,Ui
O:NEZ) ( mol)v
' <o’ <,
FYZZOa

fori=1,...,#species, and

=0, ifje SExco,

Z% ih); <0, if j € SExcin,
>0, if j € SExcou,

Z%’ =1L
i

Introduce o' = ;v = ¥ (fluxes on community level)
Koch, ..., Klamt (2019), Plos Comp. Biol.



Community model in p, v and
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Community model in p, v and

. ot
0=Ni :
bm (’nu"‘;"')

Yl <o <yl

Vi 2 Oa
fori=1,...,#species, and
=0, ifj e SExc,
Z( gxtl_}éxc)j <0, ifj € SExcin,
¢ >0, ifj € SExcout,

Z%’ =1L
i

Project fluxes to exchange fluxes (v° — ¥%,.)



Community model in 1, v and ¥,

A0+ b (p) v >0,

"Y lexc S Uexc S 72 exc7

Vi > Oa
fori =1,...,#species, and
= 0, If] S SEXCO,
> (Niwth); { <0, if j € SExcin,
‘ >0, ifj € SExcout,

Z%’ = 1.
i



Community model in 1, v and ¥,

A0+ b (p) v >0,

"Y lexc S Uexc S 72 exc7

Vi > Oa
fori =1,...,#species, and
= 0, If] S SEXCO,
> (Niwth); { <0, if j € SExcin,
‘ >0, ifj € SExcout,

Z%’ = 1.
i

Fix o (define polytope)



Community model — community modes

Fix
+

composition & exchange flux polytope in 7, Uexc

N

composition polytope in v  exchange flux polytope in Uexc



Community model — community modes

Fix
+

composition & exchange flux polytope in 7, Uexc

N

composition polytope in v  exchange flux polytope in Uexc

Conformally non-decomposable vectors:

eCXs

v N\
eCOs eXFs



Example

1
Px1 U1
— P

Pyt




Example: elementary compositions & exchange fluxes

fe [0,1]:
eCXy=( 1,0 [, 0, [; 0,0,0 )T,
eCXo=( 0,1; 0,0,0;  [,0,a )T,
eXs=( 1,3 Lol 040 )7,
eCXy=( 1.1 080 B2 T



Example: elementary compositions & exchange fluxes

fe [0,1]:
Y2 01,03, 055 0,03, 03
eCXy =(  1,0; 1,0,/ 0,0,0 )T,
eCXo=( 0,1; 0,0,0; 0,0, )7,
eXs=( 1,3 Lol 040 )7,
eCXy=( 1.1 080 B2 T
fie[1,2]
o= ( hiEl L e )T
e a0
eXr=( 3,3 . e )T
eXs=( 3.5 5 55 )T



Example: elementary compositions

fe [0,1]:
Y1572
eCO; = (1,0)7,
eCOy = (0,1)7.
foe(1,2]:
eCO5 (;_}/, %)T,
eCOs = (&2, 1)7



Example: elementary compositions

fe [0,1]:
Y1572
eCO; = (1,0)7,
eCOy = (0,1)7.
foe(1,2]:
eCO5 - (l_]i’ %)T7
eCOs = (&3, D)T.

analogously for elementary exchange fluxes (eXFs)



Example: projection to ji, y1, vt




Example: eCOs and eXFs




Biological interpretation

fie (0,1 ie(1,2)
eCX|1 2 3 4]/5 6 7 8
specialization | vV
commensalism v v
mutualism v v vV
maximum uptake v oV
maximum yield v v v
nonlinear in i v




Next steps

@ Applications:

small communities (with small/large metabolic models)
ecology?

o Computation:

projection, EV enumeration
DD, 1rs
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o Metabolic Pathway Analysis (MPA) 2025 Vienna

@ Economic Principles in Cell Biology
Online seminar
A collaborative open-access textbook

https://principlescellphysiology.org

e Mathematics of Reaction Networks (MoRN)
Online seminar

https://researchseminars.org/seminar/MoRN

Thank you for your attention!
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