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» (T, o) rooted gene tree, leaf coloring o on leaf set L(T)
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BEST MATCH GRAPHS - DEFINITION

» (T, 0) rooted gene tree, leaf coloring o on leaf set L(T)
» y € L(T) is a best match of x € L(T) if

1. o(x) # o(y) and
2. lca(x,y) < lca(x,z) for all z € L(T) with o(z) = o(y)

/ /

Xy y oz x z

(1, o)

v, t, w duplications/speciations
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' (T,!) rooted gene tree, leaf coloring ! on leaf setL(T)
Ly ! L(T) is abest match of x ! L(T) if

1. 1 (x) = ! (y) and
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1.1 (x) = !(y) and
2. lca(x,y) # lca(x,z) forall z! L(T)with ! (2) = ! (y)
' (G,!)is BMG (T,!) if vertices=leaves colored by ! and x $ vy iff yis a best match ofx on (T,!)
! Bio connection: orthologs =% reciprocal best matches (symmetric best matches)

X Yy Yy z X

(T, )

V, T, W duplications/speciations

2/ 9
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' (T,!) rooted gene tree, leaf coloring ! on leaf setL(T)
'y ! L(T) is abest match of x ! L(T) if
1.1 (x) = !(y) and
2. lca(x,y) # lca(x,z) forall z! L(T)with ! (z) = ! (y)
' (G,!)is BMG (T,!) if vertices=leaves colored by | and x $ Yy iff y is a best match ofx on (T,!)
I Bio connection: orthologs =% reciprocal best matches (symmetric best matches)
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BMGs are

| properly colored, no loops, no multiple edges
I color-sink-free (every vertex has a best match for every species)
! not a hereditary class (induced subgraphs are not necessary BMGS)

Fis induced subgraph of Gif x,y! V(F)and (x,y)! E(G)" (Xx,y)! E(F)
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BESTMATCH GRAPHS - NON-HEREDITARY

BMGs are

| properly colored, no loops, no multiple edges
I color-sink-free (every vertex has a best match for every species)
! not a hereditary class (induced subgraphs are not necessary BMGS)

Fis induced subgraph of Gif x,y! V(F)and (x,y)! E(G)" (Xx,y)! E(F)

Bio connection: Can we recognize BMGs?

Y VA
«—>()

sink
X X' W X'
@—O
yI ZI yI ZI

BMG(T, ) BMG(T, )[{x,y.7}]
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BESTMATCH GRAPHS - TRIPLES

» ab|cis a (rooted) triple if Ica(a, b) is descendent in T of lca(a, c)=lca(b, c)

C
» (G, o) digraph, vertex-colored by o
* R(G,0) = {ablt': o(a) # o(b) = o(V'), ab € E(G), and ab’ ¢ E(G)} informative triples
* F(G,o) ={abt/: o(a) # o(b) =o(V'), b #V, and ab,ab’ € E(G)} forbidden triples
p P
e R(G.0) 2y'lye J(G, o)
|
|
|
|
@ o © |
x y y z x z | x y y z x' Z
|
Theorem
(G, o) properly colored digraph is a BMG iff (i) (G, o) is color-sink free, and (i) there exists (T, o) displaying :
all triples in R(G, o) but none of the triples in F(G, o) |
4/ 9

David Schaller, Peter F Stadler, and Marc Hellmuth (2021). “Complexity of modification problems for best match graphs”. In: Theoretical Computer Science 865.
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| T. is arestriction of T to a subsetL' of leaves of T
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| Problem: different trees associated to BMG(G, ! ), how to choose the most parsimonious???

| T. is arestriction of T to a subsetL' of leaves of T

[ [ deletion P
vertices with
in-degree 2 f

—> >

v/ w
¢ o 0 O , ,
X 'y z x' Z y y Z Z

! /

x y y z x z
(T, 0)  ol)={,®) (T, 0) (T, 01)
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BESTMATCH GRAPHS - UNIQUE LRT

| Problem: different trees associated to BMG(G, ! ), how to choose the most parsimonious???

| T. is arestriction of T to a subsetL' of leaves of T

[ [ deletion P
vertices with
in-degree 2 f
[,
Vv w v/ w
deo o0 &0 , ,

x oy y oz xzZ x oy y oz x 7 y oy oz <
(T, o) ol)={",e® (T, 0) (Ty, or)

» (T,0) is LRT if there is NO T’ = T/ (+ inner edge contractions) st BMG(T, o) = BMG(T', o)

Theorem

» Every BMG has a unigue LRT"
» Build theLRT in polynomial time with MTT algorithm?

Manuela Geis, Edgar Chivez, et al. (2019).OBest match graphsOin: Journal of mathematical biolo@.
2 Annachiara Korchmaros et al. (2023). OQuasi-best match graphsOln: Discrete Applied Mathematic331, pp. 104D125
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BESTMATCH GRAPHS - UNIQUE LRT

| Problem: different trees associated to BMG(G, ! ), how to choose the most parsimonious???

| T. is arestriction of T to a subsetL' of leaves of T

[ [ deletion P
vertices with
in-degree 2 f
[,
Vv w v/ w
deo o0 &0 , ,

x oy y oz xzZ x oy y oz x 7 y oy oz <
(T, o) ol)={",e® (T, 0) (Ty, or)

» (T,0) is LRT if there is NO T’ = T/ (+ inner edge contractions) st BMG(T, o) = BMG(T', o)

Theorem

» Every BMG has a unigue LRT"
> Build theLRT in polynomial time with MTT algorithm? = recognize a BMG in polynomial time

Manuela Geis, Edgar Chivez, et al. (2019).OBest match graphsOin: Journal of mathematical biolo@.
2 Annachiara Korchmaros et al. (2023). OQuasi-best match graphsOln: Discrete Applied Mathematic331, pp. 104D125

5/

9



QUASI-BESTMATCH GRAPHS - DEFINITION

' How do we relate far-away genes?

6/

9



QUASI-BESTMATCH GRAPHS - DEFINITION

" How do we relate far-away genes? Limit detection of best matches in (T,!)

6/

29



QUASI-BESTMATCH GRAPHS - DEFINITION

' How do we relate far-away genes? Limit detection of best matchesin (T,!)
Iy ! L(T) is aquasi-best match of x ! L(T) if

1. yis a best match ofx, and

2. lca(x,y) " u(x,!'(y),u: L(T)# ! (L(T)) $ V(T) vertex-set of T

BMG(7, o)
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QUASI-BESTMATCH GRAPHS - DEFINITION

' How do we relate far-away genes? Limit detection of best matches in (T,!)
Iy ! L(T) is aquasi-best match of x! L(T) if
1. y Is a best match ofx, and
2. lca(x,y) " u(x,! (y),u: L(T)# ' (L(T) $ V(T) vertex-setof T
I (G,!)isgBMG (T,!,u) if vertices=leaves colored by ! and x $ vy iff yis quasi-best match of x

¥ y  z y 7z
o~—>0  —
/ /
X x' X @ x'
u(x, 6(2)) = u(y, 6(z)) = v W= u(z,6(y)) \. /
®
x y y ! Z x [ Z ! [ Z !/

y yl ZI

(T, 0) BMG(T; o) qBMG(Z, 0, u)

u(z, 6(x)) = z,u(g, 6(q)) = q,u(g,s) = pand s # o(q)
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otherwise
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BMGS vsS. QBMGS - LIKENESS

= |
! 1sBMG(T,!) agBMG(T,!,u )? Yes,u' (X,9) := X > th. (X?
otherwise

' When gBMG(T,!,u) isaBMG(T,! )~

Theorem
¥ (G,!)isaBMGiff (G,!) is acolor-sink-free gBMG.

Annachiara Korchmaros et al. (2023). OQuasi-best match graphsOln: Discrete Applied Mathematic331, pp. 104D125
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BMGS vsS. QBMGS - LIKENESS

!
X s=1(X)

| IsBMG(T,!) agBMG(T,!,u’)? Yes,u' (x,s) := otherwise

| When gBMG(T, !, u) is a BMG(T,! )?

Theorem:
¥ (G,!)is aBMG iff (G,!) is acolor-sink-free gBMG.

#

¥ (G,!) isagBMG iff thereis (T,!,u) displaying all triplesin R(G,!)but none in F(G,!)

Annachiara Korchmaros et al. (2023). OQuasi-best match graphsOln: Discrete Applied Mathematic331, pp. 104D125
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BMGS vsS. QBMGS - LIKENESS

!
X s=1(X)

| I1sBMG(T,!) agBMG(T,!,u')? Yes,u' (x,9) := therwise
WI

' 'When gBMG(T,!,u) isa BMG(T,!)?
Theorem .
¥ (G,!)isaBMGIff (G,!) is acolor-sink-free gBMG.
t#

¥ (G,!) is agBMG iff there is (T,!, u) displaying all triplesin R(G,! ) but nonein F(G,!)

jnput to iolynomial time

R(G,!),F(G,!) ! MTT Algorithm (T,!)

Annachiara Korchmaros et al. (2023). OQuasi-best match graphsOln: Discrete Applied Mathematic331, pp. 104D125
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BMGS vsS. QBMGS - LIKENESS

| | | X s=1(x)
| IsBMG(T,!) agBMG(T,!,u)? Yes,u (X,9) = otherwise
Wi

' 'When gBMG(T,!,u) isa BMG(T,!)?

Theorem .
¥ (G,!)isaBMGIff (G,!) is acolor-sink-free gBMG.

#

¥ (G,!) is agBMG iff there is (T,!, u) displaying all triplesin R(G,! ) but nonein F(G,!)

jnput to iolynomial time

R(G,!),F(G,!) ! MTT Algorithm (T, (T, uh)

X Xlissinkwrts,or s= ! (x)

u' (x,s) := .
otherwise

Annachiara Korchmaros et al. (2023). OQuasi-best match graphsOln: Discrete Applied Mathematic331, pp. 104D125
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1
Property BMG gBMG

hereditary class no, color-sink free

2
yes, If partition sets

have same colours

disjoint union yes

unique LRT yes2 no

binary explainable ;
Il "Inite sets of hourglass-free no
forbidden graphs

L Annachiara Korchmaros et al. (2023). OQuasi-best match graphsOln: Discrete Applied Mathematic331, pp. 104D125

°Manuela Geis, Edgar Chivez, et al. (2019).OBest match graphsQOin: Journal of mathematical biolo@.

3David Schaller, Manuela Gei§, Peter F Stadler, et al. (2021) OComplete characterization of incorrect orthology assignments in best match graphsO.In: Journal of mathematical biology 819
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Property BMG gBMG :

hereditary class no, color-sink free yes

yes, If partition sets
have same colours

disjoint union

2
unigue LRT yes no
binary explainable 3
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forbidden graphs

1 Annachiara Korchmaros et al. (2023). OQuasi-best match graphsOln: Discrete Applied Mathematic331, pp. 104D125
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BMGS vsS. QBMGS - UNLIKENESS

Property BMG

qBI\/IG1

hereditary class no, color-sink free

yes

2
yes, If partition sets

disjoint union
have same colours

unigue LRT

binary explainable 3
11 "Inite sets of hourglass-free
forbidden graphs

yes

Nno

L Annachiara Korchmaros et al. (2023). OQuasi-best match graphsOln: Discrete Applied Mathematic331, pp. 104D125

’Manuela Geis, Edgar Chtvez, et al. (2019).OBest match graphsOin: Journal of mathematical biolo@.
SDavid Schaller, Manuela Gei§, Peter F Stadler, et al. (2021) OComplete characterization of incorrect orthology assignments in best match graphsO.In: Journal of mathematical biology
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BMGS vsS. QBMGS - UNLIKENESS

Property BMG gBMG -

hereditary class no, color-sink free yes

2
yes, If partition sets

disjoint union yes
have same colours
. 2
unique LRT yes no
_binary explainable 3
il "inite sets of hourglass-free hourglass
| forbidden graphs
* e——o

subclass of binary trees

L Annachiara Korchmaros et al. (2023). OQuasi-best match graphsOln: Discrete Applied Mathematic331, pp. 104D125
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OUTLOOK

1. gBMGs do NOT have a unique LRT — studying different LRTs of the same gBMG(G, o)

® Do they have a common core? (they all display R(G, 0)).
® Are LRTs of maximal induced BMGs displayed by all LRT of gBMG(G, 0)?

® [s there an efficient algorithm to find all maximal induced BMGs in gBMG(G, 0)?
2. Study qBMGs where u(x,s) = u(x), i.e. detection limit is color-independent.

more details on qgBMGs T “ AN‘(Y
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