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o Cellular growth

metabolism, gene expression & regulation, DNA replication & repair,
cell division, signalling, ...

o Next-generation models

RBA (resource balance) vs. FBA (flux balance analysis)
@ Polyhedral geometry

Elementary growth modes/vectors
@ Biological relevance

extreme phenotypes, “growth laws", ribosome composition, ...



A small model of a self-fabricating cell




RBA: metabolism and macromolecule synthesis
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FBA: metabolism
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Metabolic modeling: “classical”

Stoichiometry:
A+B+E=C+E

metabolites A, B, C and enzyme &

Kinetics:
ve = cg - Ke(TA, T, TC; D)
(total) enzyme conc. ¢g > 0
metabolite conc. za(t), zg(t),zc(t) >0
rate constants, external metabolite conc., etc. p > 0
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Metabolic modeling: “classical”

Stoichiometry:
A+B+E=C+E
metabolites A, B, C and enzyme &
Kinetics:
ve = cg - kg(Ta, T8, TC;P)

(total) enzyme conc. ¢g > 0
metabolite conc. xa(t), xg(t), xc(t) > 0
rate constants, external metabolite conc., etc. p > 0

Network dynamics:

A -1
al’® ! d
2 lac| = 1 veF e, _x:NU:N(COK,(iL',p))
dt 7D 0 de

stoichiometric matrix NN, rate vector v
componentwise product o



Genome-scale metabolic models

BIOCHEMICAL
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Stoichiometric models

Based on NV € R1500x2000 "5 Kinetics

Flux vector v (vector of steady-state net reaction rates):
de __ —
a = Nv=0

Linear methods:

o flux balance analysis (FBA):
flux polyhedron

P={v|Nv=0,9"<v <o}

max CLT'U J

veP

o elementary flux mode (EFM) analysis:
flux cone

C={v|Nv=0, v, >0}
flux mode: f € C
EFM: e € C with minimal support
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Model of self-fabrication:

r S
Met N S
Nyg =
Mac 0 I
Growth dynamics:
dx
T nglV — LT
for concentrations x = % amounts of substance X

molar masses w
(dry) mass M = w'X
dM

with growth rate p = ﬁﬁ

Fact:
W= wTNngv



Metabolic modeling: “next generation”

Model of self-fabrication:

Growth dynamics:

b

for concentrations x = S

with growth rate p = ﬁ‘{i—]‘f

Fact:

amounts of substance X
molar masses w

(dry) mass M = w'X

T T
p=w NpgV = w NexcVexc
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The biomass reaction as a simplification

Abuse of notation:

= () =G) e ()= )
TMac Yy Vs w
Growth dynamics:
i T\ _ (N S\ [(v) (=
a\y) \o 1)\w) H\y

0=Nv—pu(Sy+ )
——

gtot

Steady state:

Biomass “reaction”:
> @i~ 1-BM
Standard form: i€Met

0= (N —nbm) (/UU )
~——— bm
Npm

&l

lg

1 mol

Nbm = @ 2, vpm = p/@
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Growth dynamics:
dx
ar ~ Nt~ pe

Steady state:
Npgv = px >0

Growth cone:
Co={ve RRx™ | Nngv > 0, vy > 0}

Growth mode: v € (g has associated

p(v) = w Nopgv  and  2(v) = Nagv/u(v)
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Elementary growth modes

Definition (Flux cone)
Elementary flux modes (EFMs): support minimal

Definition (Growth cone)

Elementary growth modes (EGMs): conformally non-decomposable

Every nonzero growth mode v € Cy is a finite, conformal sum of EGMs,
that is, there is a finite set E of EGMs such that

v= Z e with sign(e) < sign(v).
eckE

Let v € Cg with p(v) =: . Then,

v= Z e+ Z Aee with sign(e) <sign(v), A\ >0, Z Ae = 1.

ec€Ey ecky, ecky,



Subspace cone vs. (general) polyhedral cone
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Small model: EGMs

Rxn = {ric, 7IN, TEAA, TELD; TEL; SIG, SIN, SEAA, SELD, SEL, SR}
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Small model: EGMs

Rxn = {ric, 7IN, TEAA, TELD; TEL; SIG, SIN, SEAA, SELD, SEL, SR}

G

¢ = pjws - (1,0,0,0,0;0,0,0,0,0,0)"

N = p/wn - (0,1,0,0,0;0,0,0,0,0,0)"
M = pfwan - (1,1,1,0,0;0,0,0,0,0,0)

e® = pj/wo - (n,0,0,1,0;0,0,0,0,0,0)"

e = pfw - (n,0,0,1,1;0,0,0,0,0,0)"

€S = pjwe - (m,m,m,0,0;1,0,0,0,0,0)"

N = p/ow - (i, m, 0,050,1,0,0,0,0) "
BAA — Ji/weaa - (ng,me, ne,0,0;0,0,1,0,0,0) "
B0 — L/weip - (ne, ne, ne, 0,0;0,0,0,1,0,0) "
Bb = p/wer - (ne,ne,ne, 0,0;0,0,0,0,1,0)"
R = pjwr - (nr,nR,NR,0,0;0,0,0,0,0,1)"

w(e’) = i, z(e') ~ u unit vector u’
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Small model

Rxn = {TIG,« TIN, TEAA, TELD, TEL; SIG, SIN, SEAA, SELD, SEL, ~5R}
_ . T
v = (*’ *7 *7 07 0? *7 *7 O? 07 07 0)
Theorem:

V= AG e + AN eN + AAA M+ AlG e'® + AIN N

.g'é Ly with Mg, An, Aaa >0, NG, Ain > 0,
< - and A\g + AN+ Aaa +Aig+FAn=1
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Small model

Rxn = {716, 7IN, TEAA, TELD, TEL; SIG, SIN, SEAA, SELD, SEL, SR}
_ . T
v = (*’ *7 *7 07 0’ *7 *7 07 07 07 0)
Theorem:
IN
v = )\GeG +)\N6N +)\AA6AA+)\|G6’IG + AN e

with Ag, AN, Aaa >0, Aig, Ain > 0,
and A\g + AN+ Aaa FAig+H AN =1

not catalytically closed

U/ = (*7 *7 *7 07 O; *’ *7 *7 07 07 *)T

= (1 — >\EAA — )\R> v+ )\EAA GEAA

+)\R€R
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(Auto)catalysis

Cell + Food — 2 Cell + Waste

@ Autocatalytic subnetworks

Barenholz et al, elife, 2017; Blokhuis et al, PNAS, 2020
Andersen et al, J Syst Chem, 2020; Golnik et al, arXiv, 2025

o Network autocatalysis

Kauffman, Steel, Hordijk, ...
Fontana, Dittrich, ...

Definition

(BC) A growth mode v € Cy is basically catalytic if there is a catalytic
reaction r € supp(v).

(CC) It is catalytically closed if, for every catalytic reaction r € supp(v)
with catalyst s, (Npgv)s > 0.

(AQ) It is autocatalytic if it is BC and CC.
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Small model

Rxn = {rig, 7IN, TEAA, TELD, TEL; SIG, SIN, SEAA, SELD, SEL, SR}

v = (%,%,%,0,0; % %,0,0,0,0) "

oo

%W@ ‘k BC, but not CC
eEo0 - V= (o, %,0,05 %, %, %,0,0,) T
> LD BC and CC = AC

supp(v') is MAC set

Definition

(AC) A subset of reactions S C Rxn is autocatalytic if there is a growth
mode v € Cy with S = supp(v) that is AC.

(MAC) A nonempty subset of reactions is minimally autocatalytic if it is
AC and inclusion-minimal.
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Metabolic modeling: additional constraints

Constraints for v:
Npgv >0, vppe >0 = p(v), x(v)

Constraints for v, x, u:

@ Steady state

Nogv =px >0

@ (Dry) mass

W= wTNngv
@ lrreversibility
Uy > 0
o Capacity
eg. A+B+E—-CHE:
@ Biophysics

e.g. membrane

Ve < keate Tg



Small model

Rxn = {76, TN, TEAA, TELD, TEL; SIG, SIN, SEAA, SELD, SEL, SR}
Importer/Enzyme

i < keats ;i for i = 1G,IN,EAA, ELD, EL
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Importer/Enzyme

Vi < keariwi for i = IG,IN, EAA, ELD, EL
Ribosome

E n; w; < kel TR
Ll i=IG,IN,EAA,ELD,EL,R




Small model

Rxn = {76, TN, TEAA, TELD, TEL; SIG, SIN, SEAA, SELD, SEL, SR}
Importer/Enzyme

Vi < keariwi for i = IG,IN, EAA, ELD, EL
Ribosome

E n; w; < kel TR
i=IG,IN,EAA,ELD,EL,R

Membrane area
ALz + A ($|G + :L'||\|) =C
Az > aC

C=C(A/V,p),0<a<1



Growth polyhedron
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Summarize constraints (for v and ¢):

]Sg(,u) = {(v,.r) e RR « rMe! | Nngv = ppx >0, p = wTNngv, Ve > 0,
Ar+Bv>c}

Growth polyhedron:
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Growth polyhedron

Summarize constraints (for v and ¢):
]Sg(,u) = {(v,.r) e RR « rMe! | Nngv = ppx >0, p = wTNngv, Ve > 0,
Ax+Bv>c}
Growth polyhedron:
Py(n) = {v € RRM | Npgv > 0, 1 = w Nogt, vier > 0,
(ANog/pi+ Bo > ¢ }

Growth vector: v € Py(f)



Elementary growth vectors

Definition (Growth polyhedron)

Elementary growth vectors (EGVs): convex-conformally non-decomposable
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Elementary growth vectors

Definition (Growth polyhedron)

Elementary growth vectors (EGVs): convex-conformally non-decomposable
or conformally non-decomposable elements of the recession cone

v

Let v € Py with pu(v) =: pu. Then,

v= Z e+ Z Aee with sign(e) <sign(v), Ae > 0, Z Ae = 1.
ecEy ecEy, e€b,




Small model: EGVs

‘ H EGV

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26
mb G > > >
mb LD > > >
mb N > > >
mb AA >
cap IG > > >
cap IN > > > > > > > > >
cap EAA > > >
cap ELD > > >
cap EL > > >
cap R > > >
memb L > > > > > > > > > >

V Vv
Vv
Y
Y
Y
Vv
Y

LD * * *

AA * * *

26 EGVs: 8 for all p, 16 for low p (L), 2 for high x (H)

every EGV has full support = only MAC set is Rxn

every EGV has two inactive constraints (> )

concentrations of macromolecules, lipids, and at most one other metabolite nonzero ( * )



Details: fluxes vs. growth rate

Fluxes [g g'1 h'l]
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concentrations/mass fractions vs. growth rate
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Bio relevance: ammonium (vs. glucose) uptake

w6 Y WN YIN

M6 = T, N = e +yn =1




Bio relevance: ammonium (vs. glucose) uptake
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Bio relevance: ammonium uptake and carbon storage

ammonium uptake: iy = =M (color)

carbon storage: sc = wgxg + wipzip + wize (black)




Bio relevance: ammonium uptake and carbon storage

ammonium uptake: vy =

WNYIN
I

(color)

carbon storage: sc = wgxg + wipzip + wize (black)

Carbon storage / Ammonium uptake
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Bio relevance: ribosome mass fraction
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Bio relevance: ribosome mass fraction

7 1 EGV1-4, 9-12, 17-20 Il: EGV5-7, 13-15, 21-23 Ill: EGVS, 16, 24 + 25-26
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M. Scott, C.W. Gunderson, E.M. Mateescu, Z. Zhang, T. Hwa
Interdependence of cell growth and gene expression: origins and consequences
Science 330, 2010
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