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A small model of a self-fabricating cell



RBA: metabolism and macromolecule synthesis
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FBA: metabolism
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Metabolic modeling: “classical”

Stoichiometry:
A+ B+ E ⇌ C+ E

metabolites A,B,C and enzyme E

Kinetics:
vE = cE · κE(xA, xB, xC; p)

(total) enzyme conc. cE ≥ 0
metabolite conc. xA(t), xB(t), xC(t) ≥ 0

rate constants, external metabolite conc., etc. p ≥ 0

Network dynamics:

d

dt


xA
xB
xC
xD
...

 =


−1
−1
1
0
...

 vE + · · · , dx

dt
= Nv = N(c ◦ κ(x, p))

stoichiometric matrix N , rate vector v
componentwise product ◦
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Genome-scale metabolic models



Stoichiometric models

Based on N ∈ R1500×2000, no kinetics

Flux vector v (vector of steady-state net reaction rates):

dx
dt = Nv = 0

Linear methods:

flux balance analysis (FBA):
flux polyhedron

P = {v | Nv = 0, vlb ≤ v ≤ vub}

max
v∈P

a⊤v

elementary flux mode (EFM) analysis:
flux cone

C = {v | Nv = 0, vIrr ≥ 0}
flux mode: f ∈ C
EFM: e ∈ C with minimal support
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Metabolic modeling: “next generation”

Model of self-fabrication:

Nng =

( r s

Met N S
Mac 0 I

)

Growth dynamics:
dx

dt
= Nngv − µx

for concentrations x = X
M amounts of substance X

molar masses ω
(dry) mass M = ω⊤X

with growth rate µ = 1
M

dM
dt

Fact:
µ = ω⊤Nngv = ω⊤Nexcvexc
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The biomass reaction as a simplification

Abuse of notation:

x =

(
xMet

xMac

)
=

(
x
y

)
and v =

(
vr
vs

)
=

(
v
w

)

Growth dynamics:

d

dt

(
x
y

)
=

(
N S
0 I

)(
v
w

)
− µ

(
x
y

)
Steady state:

0 = Nv − µ (Sy + x)︸ ︷︷ ︸
xtot

Biomass “reaction”: ∑
i∈Met

ω̄ xtoti · i → 1 · BM ω̄ = 1 g
1mol

Standard form:

0 =
(
N −nbm

)︸ ︷︷ ︸
Nbm

(
v

vbm

)
nbm = ω̄ xtot, vbm = µ/ω̄
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Growth cone

Growth dynamics:
dx

dt
= Nngv − µx

Steady state:
Nngv = µx ≥ 0

Growth cone:
Cg = {v ∈ RRxn | Nngv ≥ 0, vIrr ≥ 0}

Growth mode: v ∈ Cg has associated

µ(v) = ω⊤Nngv and x(v) = Nngv/µ(v)
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Elementary growth modes

Definition (Flux cone)
Elementary flux modes (EFMs): support minimal

Definition (Growth cone)

Elementary growth modes (EGMs): conformally non-decomposable

Theorem

Every nonzero growth mode v ∈ Cg is a finite, conformal sum of EGMs,
that is, there is a finite set E of EGMs such that

v =
∑
e∈E

e with sign(e) ≤ sign(v).

Let v ∈ Cg with µ(v) =: µ. Then,

v =
∑
e∈E0

e+
∑
e∈Eµ

λe e with sign(e) ≤ sign(v), λe ≥ 0,
∑
e∈Eµ

λe = 1.



Elementary growth modes

Definition (Flux cone)
Elementary flux modes (EFMs): support minimal

Definition (Growth cone)

Elementary growth modes (EGMs): conformally non-decomposable

Theorem

Every nonzero growth mode v ∈ Cg is a finite, conformal sum of EGMs,
that is, there is a finite set E of EGMs such that

v =
∑
e∈E

e with sign(e) ≤ sign(v).

Let v ∈ Cg with µ(v) =: µ. Then,

v =
∑
e∈E0

e+
∑
e∈Eµ

λe e with sign(e) ≤ sign(v), λe ≥ 0,
∑
e∈Eµ

λe = 1.



Elementary growth modes

Definition (Flux cone)
Elementary flux modes (EFMs): support minimal

Definition (Growth cone)

Elementary growth modes (EGMs): conformally non-decomposable

Theorem

Every nonzero growth mode v ∈ Cg is a finite, conformal sum of EGMs,
that is, there is a finite set E of EGMs such that

v =
∑
e∈E

e with sign(e) ≤ sign(v).

Let v ∈ Cg with µ(v) =: µ. Then,

v =
∑
e∈E0

e+
∑
e∈Eµ

λe e with sign(e) ≤ sign(v), λe ≥ 0,
∑
e∈Eµ

λe = 1.



Elementary growth modes

Definition (Flux cone)
Elementary flux modes (EFMs): support minimal

Definition (Growth cone)

Elementary growth modes (EGMs): conformally non-decomposable

Theorem

Every nonzero growth mode v ∈ Cg is a finite, conformal sum of EGMs,
that is, there is a finite set E of EGMs such that

v =
∑
e∈E

e with sign(e) ≤ sign(v).

Let v ∈ Cg with µ(v) =: µ. Then,

v =
∑
e∈E0

e+
∑
e∈Eµ

λe e with sign(e) ≤ sign(v), λe ≥ 0,
∑
e∈Eµ

λe = 1.



Subspace cone vs. (general) polyhedral cone
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Small model: EGMs

Rxn = {rIG, rIN, rEAA, rELD, rEL; sIG, sIN, sEAA, sELD, sEL, sR}

eG = µ/ωG · (1, 0, 0, 0, 0; 0, 0, 0, 0, 0, 0)⊤

eN = µ/ωN · (0, 1, 0, 0, 0; 0, 0, 0, 0, 0, 0)⊤

eAA = µ/ωAA · (1, 1, 1, 0, 0; 0, 0, 0, 0, 0, 0)⊤

eLD = µ/ωLD · (nL, 0, 0, 1, 0; 0, 0, 0, 0, 0, 0)
⊤

eL = µ/ωL · (nL, 0, 0, 1, 1; 0, 0, 0, 0, 0, 0)
⊤

eIG = µ/ωIG · (nI, nI, nI, 0, 0; 1, 0, 0, 0, 0, 0)
⊤

eIN = µ/ωIN · (nI, nI, nI, 0, 0; 0, 1, 0, 0, 0, 0)
⊤

eEAA = µ/ωEAA · (nE, nE, nE, 0, 0; 0, 0, 1, 0, 0, 0)
⊤

eELD = µ/ωELD · (nE, nE, nE, 0, 0; 0, 0, 0, 1, 0, 0)
⊤

eEL = µ/ωEL · (nE, nE, nE, 0, 0; 0, 0, 0, 0, 1, 0)
⊤

eR = µ/ωR · (nR, nR, nR, 0, 0; 0, 0, 0, 0, 0, 1)
⊤

µ(ei) = µ, x(ei) ∼ ui unit vector ui
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Small model

Rxn = {rIG, rIN, rEAA, rELD, rEL; sIG, sIN, sEAA, sELD, sEL, sR}

v = (∗, ∗, ∗, 0, 0; ∗, ∗, 0, 0, 0, 0)⊤

Theorem:

v = λG eG + λN eN + λAA eAA + λIG eIG + λIN eIN
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= (1− λEAA − λR) v + λEAA eEAA + λR e
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(Auto)catalysis

Cell+ Food → 2Cell+Waste

Autocatalytic subnetworks

Barenholz et al, eLife, 2017; Blokhuis et al, PNAS, 2020
Andersen et al, J Syst Chem, 2020; Golnik et al, arXiv, 2025

Network autocatalysis

Kauffman, Steel, Hordijk, ...
Fontana, Dittrich, ...

Definition

(BC) A growth mode v ∈ Cg is basically catalytic if there is a catalytic
reaction r ∈ supp(v).
(CC) It is catalytically closed if, for every catalytic reaction r ∈ supp(v)
with catalyst s, (Nngv)s > 0.
(AC) It is autocatalytic if it is BC and CC.
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BC and CC =⇒ AC

supp(v′) is MAC set

Definition

(AC) A subset of reactions S ⊆ Rxn is autocatalytic if there is a growth
mode v ∈ Cg with S = supp(v) that is AC.
(MAC) A nonempty subset of reactions is minimally autocatalytic if it is
AC and inclusion-minimal.
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Metabolic modeling: additional constraints

Constraints for v:
Nngv ≥ 0, vIrr ≥ 0 =⇒ µ(v), x(v)

Constraints for v, x, µ:

Steady state
Nngv = µx ≥ 0

(Dry) mass
µ = ω⊤Nngv

Irreversibility
vIrr ≥ 0

Capacity

e.g. A+ B+ E → C+ E : vE ≤ kcat,E xE

Biophysics
e.g. membrane
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Small model

Rxn = {rIG, rIN, rEAA, rELD, rEL; sIG, sIN, sEAA, sELD, sEL, sR}

Importer/Enzyme

vi ≤ kcat,i xi for i = IG, IN,EAA,ELD,EL

Ribosome ∑
i=IG,IN,EAA,ELD,EL,R

niwi ≤ kel xR

Membrane area

AL xL +AI (xIG + xIN) = C

AL xL ≥ αC

C = C(A/V, ρ), 0 < α < 1
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Growth polyhedron

Summarize constraints (for v and c):

P̃g(µ) =
{
(v, x) ∈ RRxn × RMol |Nngv = µx ≥ 0, µ = ω⊤Nngv, vIrr ≥ 0,

Ax+Bv ≥ c }

Growth polyhedron:

Pg(µ) =
{
v ∈ RRxn |Nngv ≥ 0, µ = ω⊤Nngv, vIrr ≥ 0,

(ANng/µ+B)v ≥ c }

Growth vector: v ∈ Pg(µ)
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Elementary growth vectors

Definition (Growth polyhedron)

Elementary growth vectors (EGVs): convex-conformally non-decomposable
or conformally non-decomposable elements of the recession cone

Theorem

Let v ∈ Pg with µ(v) =: µ. Then,

v =
∑
e∈E0

e+
∑
e∈Eµ

λe e with sign(e) ≤ sign(v), λe ≥ 0,
∑
e∈Eµ

λe = 1.
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Small model: EGVs

EGV
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26

mb G > > >
mb LD > > >
mb N > > >
mb AA > > >
cap IG > > > > > > > > >
cap IN > > > > > > > > >
cap EAA > > >
cap ELD > > >
cap EL > > >
cap R > > >
memb L > > > > > > > > > >

G ∗ ∗ ∗
LD ∗ ∗ ∗
N ∗ ∗ ∗
AA ∗ ∗ ∗
µ L L L L L L L L L L L L L L L L H H

26 EGVs: 8 for all µ, 16 for low µ (L), 2 for high µ (H)
every EGV has full support =⇒ only MAC set is Rxn
every EGV has two inactive constraints ( > )
concentrations of macromolecules, lipids, and at most one other metabolite nonzero ( ∗ )



Details: fluxes vs. growth rate



Details: concentrations/mass fractions vs. growth rate



Bio relevance: ammonium (vs. glucose) uptake

γIG = ωG vIG
µ

, γIN = ωN vIN
µ

: γIG + γIN = 1
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Bio relevance: ammonium uptake and carbon storage

ammonium uptake: γIN = ωNvIN
µ

(color)
carbon storage: sC = ωGxG + ωLDxLD + ωLxL (black)
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ammonium uptake: γIN = ωNvIN
µ

(color)
carbon storage: sC = ωGxG + ωLDxLD + ωLxL (black)



Bio relevance: ribosome mass fraction

M. Scott, C.W. Gunderson, E.M. Mateescu, Z. Zhang, T. Hwa
Interdependence of cell growth and gene expression: origins and consequences
Science 330, 2010
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Emergence of robust growth laws from optimal regulation of ribosome synthesis
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Bio relevance: “optimal” ribosome composition

S. Kostinski, S. Reuveni
Ribosome composition maximizes cellular growth rates in E. coli
Phys Rev Lett 125:028103, 2020

D. Széliová, S. Müller, J. Zanghellini
Costs of ribosomal RNA stabilization affect ribosome composition
at maximum growth rate
Communications Biology 7:196, 2024



Advertisements

Economic Principles in Cell Biology
– Online seminar (monthly)
– Summer school
– A collaborative open-access textbook

https://principlescellphysiology.org

Mathematics of Reaction Networks (MoRN)
– Online seminar (every two weeks)

https://researchseminars.org/seminar/MoRN

Thank you for your attention!

https://principlescellphysiology.org
https://researchseminars.org/seminar/MoRN

