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2 Configuration Spaces in Molecular Evolution
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$&H�%1@�A4;*-�9.)�9.=�%TdX$/24$/dLA�dÈ2!A�dp78%�+�)*YjH.A�74HI9.$/9.A59>$/),24H�^*$/24H.%�+.9.$&)*2jH�^G;*243p35%1-/%�9.$&)*24H�2�%1%135%�3�9>)
9>+>;*24HIYc)*+>do9DUT)

HD9>+.$&2�0,H�$&2,9>)}%�;*< =�)*9.=�%1+\qcz�-K;G$&2 � ±:Ìe±�¸�À.º!¼J±:»�¸x¹e»KÀ½¼s´G¸�� ± ;GdX)*A42,9 H�9.)}9.=�%hdX$/2�$&d\;G-�2!A�dp78%�+�)*Yf$/2jHI%1+I9>$/),24H

;G243�35%1-/%�9.$&)*24Hp2�%�%�35%13�Yc),+L;a9>+>;*24HIYc)*+>dX;G9.$&)*2ju:WN«y=4%{dX)!3�$`�4%�3�i�%1'*%�2jHI=�9.%1$/2¡3�$&HI9>;*24<:%{$KH�%�@�A�$/'e;*-/%12,9p9.)

9.=�%�?!%1-/-&%�+ H�dX%:9>+.$K<G^�UV=4$&< =©$&2S9>A�+>2�^�UV$/9.=�;G2�;Gz4z�+.),z�+>$&;G9.%L< =4)*$K<:%X)GYTz4;G+ ;GdX%:9>%�+ H�^Q$KH(%�@,A4$/'e;G-&%�2�9�9.)N9>=�%

2�%�0�;e9.$&'*%�)GY�9>=�%(O�%1%135-&%�d\;G2�C�Ë�A�24H>< =}H.$/dX$&-&;*+.$/9DgXdX%1;*H.A�+>%AC  ���E�W�«y=�%�-&;G9I9>%�+T9DU])LdX%1;*H.A�+>%1HT;G+>%
+>)*A59>$/24%�-&g

;Gz�z�-&$&%13NUV=�%�2a<:),dXz4;G+>$/240h74$/),-/),0*$K<�;G-QH.%1@�A�%124<:%�H])*Y�A42�%1@�A4;*-Q-/%12�0G9>=�W

�4� �4� ')� %�35"1=>� � 
�"

6 °/´G¸8¹eÀ � ´ G ± <:),24H.$&HI9>H�)GY4;�H.%:9�)GY4<�)*25�40,A�+ ;e9.$&)*2jHfqc%,W 0�;G-&-,HI9.+>$/240,H�)GY4;V0,$/',%�2�-&%�2�0*9.=�)e',%�+�;
0*$&'*%12�;G-&z�=4;G78%:9½u

9.)*0,%:9>=�%�+TUV$`9>={9DUT)pd\;Gz4z�$/240,H1���j+>HI91^5;G2�%1@�A�$&'�;*-/%124<:%�+>%�-K;e9.$&)*2\$&2435$K<�;G9.$&2�0hUV=�$&< =}z4;G$&+ Hf)*Y�<:)*2��40*A�+ ;e9>$/),24H

;G+>%�2�%1$/0,=�78)*A4+>H1WSt4)*+h7�$/)�HI%�@�A�%�24<�%1H1^�9.=�)�HI%NHD9>+.$&2�0,Hh;G+>%{2�%1$/0,=!7j),A�+>HLUV=�$K< =�<�;*2¡78%}$&2�9.%�+ <:),2!'*%�+.9.%�3©7!g

)*2�%X)GYf9.=�%XdpA�9>;e9>$/),24;G-�),zj%1+>;G9.),+>H1Wp?!%1<�)*243�^�;�d\;*z�z�$&2�0NYc+.),d�9.=�%\35),dX;*$/2�)GYy<:),25�40*A4+>;G9.$&)*24H�$/2�9>)�9>=�%

35)*d\;G$&2N)GY�+.%�;G-Q2!A�dp78%�+ H1^5UV=�$&< =a;*H>H.)!<�$&;G9.%�HTH.)*dX% �k¼�¸8±:À À UV$/9.=a%1;,< =N<�)*25�40,A�+ ;eC�9.$&)*2�W

«y=�%\9.%1+.d K.-&;*243�H><�;Gz8%1Ma0,)!%1H(74;,< E�9>)�?!%1UT;*-/-kË�+>$/0,=,9 C`�� !��^T�  !� EsWn«y=�%{$K35%1;n$KH(9>=4;e9h$/2�HI%�;G+ < =�$/240}Yc),+
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��5�O!A)��9����!A�Q%"$�69��)�)��#)���GI@����9Y^���'%"�Q%"&D%"�(��� �O�Z)�%"��&�$��
%"���A*T4�69����!A)��8!":5���#�9���C%")�� �K?O*

9.=�%\�49I9.%�HD9X<:),25�40*A4+>;G9.$&)*2�^�;G2©%�',)*-&'�$&2�0�H.g5HD9>%�d¦%124<:),A59.%1+>H�z�+.),7�-&%�d\H(UV=�$K< =¡;G+>%{HI$&dX$/-K;G+�9.)n9>=�),H.%\)GY�;

UT;*2435%�+>%�+�HI%1%�E!$&2�0�9>=�%]=4$/0,=�%1HI9�z8)*$&2�9�$&2p;G2LA�2�E!2�)eUV2�2j;e9.A4+>;*-*-K;G243�H><�;*zj%,W�Ë�$/9.=�),A59�YcA�+.9.=�%1+�$&25Yc)*+>d\;e9>$/),2�^

=�%]UV$&-&-5z�+.),74;G74-/g�9.+>g�9.=4% À½¼J±>± G ±½À½¼�´eÀ � ±�¸4¼ ;GdX),2�0�;*-/-5;�'e;G$&-&;*7�-&%]35$&+.%�<½9>$/),24H�W�Ë�=�%:9>=�%�+�),+�24)G9�9.=�$KH�UV$/-&-5-/%�;*3

=�$/d�9.)�=�$KHk35%�HD9>$/24;G9.$&)*2X35%�z8%�2j3�H�)*2LYc%1;G9.A�+>%1H�)*Y49>=�%V-&;*243�H><�;*zj%V;*H�UT%�-&-�;*H�),2L=4$&H�)eUV2X;G7�$&-&$`9Dg(9>)�zj%1+><�%�$&'*%

;G243©%1'�;*-/Aj;e9.%{9.=�%�HI%�Yc%1;e9>A�+>%1H1WNbJ2�; À )\²�²e¼cº -K;G243�<1;Gz8%*^�UV=�$K< =�zj)�H.H.%1H>H.%1H(),2�-/g�)*24%{)*+h;NYc%�U d\;e�5$&dX;4^

=�%(UV$/-&-�dX),HI9�-&$/E,%�-&g{7j%LHIA4<1<:%�H.HIYcA�-Q%�',%�2N$`Y�=�%�<1;G2�24)G9�35)\78%:9I9>%�+V9>=4;G2a+>%1<�)*+ 35$/240p9>=�%(+.%1-&;G9.$&'*%�=�%1$/0,=,9 HV)GY

9.=�%\dX),HI9(2�%1;*+.7!g�z4-&;,<:%1H�;*243©< =�)!),H.$/2�0}9.=4%\)*2�%XUV=�$K< =S$KH(=�$&0*=4%1HI9�9>)a0*)a2�%:�!9�W{«y=�%Xdh),+.% ¶½¯�;�;,± ¹ 9>=�%

-&;*243�H><�;Gz8%�$KH�^j9.=4$&H�$&H1^j9.=�%Ldh),+.%pdX;G�5$/d\;X$/9�<:),2�9>;G$&24H1^49>=�%�-&%1H>H
z4+.),dh$KH.$/2�0\$KHV9>=�% K.dpg,)*z59>$&<1M\;Gz�z�+>),;,< =�W

bs9yUV$&-&-�HI)!)*24%�+T)*+y-&;G9.%1+]-&%1;,3{9>)h;hHIA47j),z59.$&d\;G-Qd\;e�5$&dpA�d¤qÂHI%1%��j0*A�+>%���u½W]Æ�2�%�UT;�gh9>)h%�H.<1;Gz8%
Yc+>)*d H.A4< =

;a9.+ ;Gz©$KH�7!gSAjHI$&2�0n$&25Yc)*+>d\;e9.$&)*2�Yc+>)*dª)G9>=�%�+�z8)*$&2�9>Hp7j%�HI$K35%1H�9.=�%�$/dXdX%135$K;e9>%}H.A�+>+.),A�2435$&2�0,H\qÂ;n=!A�d\;G2

UT;*2435%�+>%�+�<:)*A4-&3NYc),+�%:��;GdXz�-&%p35%�9.%�<½9�;�35$&HI9>;*2�9
=�%�$&0*=�9
UV$/9.=�;\�4%�-K3n0*-K;*H>H u½WTbsY�9.=�$KH�$KH
24)G9�;*2n)*z59>$/),2�^4$/9

dh$&0*=�9(HD9>$/-&-�7j%hz8),H>HI$&7�-&%p9>)��42j3n9.=4%L0,-/),74;G-�d\;e�5$/dLA�d 0*$&'*%12�)*24%Lz�+>%�+>%1@�A�$KH.$`9>%�$&H�YcA�-/�4-&-/%�3Q��9.=�%1+.%LdpA4HI9

2�)G9�7j%X;�H.A�78)*z59>$/d\;G-�d\;e�5$&dpA�d�UV=�$K< =�^_$/2S$`9 H
$&dXdX%135$K;e9>%L2�%1$/0,=!7j),A�+.=4)�)53Q^_35)!%1H�2�)*9�<:),2�9>;G$&2�;{z8)*$&2�9

UV=�$&< =©$KH�;e9(9>=�%{H>;GdX%\=�%�$&0*=�9�qc9.=�$KH($KH�^�d\;e�5$/d\;NdpAjHD9�2�)*9�7j%}HI$&2�0*-&%Xzj),$/2�9 H(7�A59p+ ;e9>=�%�+ ¶½»Z¹ ;,±:À u½WN«y=�%
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UT;*2435%�+>%�+�UT)*A�-K3�9.=�%12�^�$/Y]=�%{<1;G2�24)G9(0,;*$/2S=�%�$&0*=�9()*2©;G2!g�)*Yf9.=4%{<:A�+>+.%12�9.-&gn2�%1;*+.%�HD9�zj),$/2�9 H�^�+>;*2435)*dX-&g

Yc)*-&-/)eU�;�35$&+>%1<½9>$/),2LUV=4$&< =X35)!%1H�2�)*9�3�%1H><:%�2�9�W�«�+>;�',%�-&-/$&2�0�;G-&)*2�0�9.=�%V+>$K350*%,^e=�%ydh$&0*=�9�%�2j<:)*A42,9>%�+�;*H><:%12435$&2�0

35$/+>%1<:9.$&)*24H1^�UV=�$&< =�=�%�9>=�%�2{UV$&-&-8< =�)!)�HI%,W�bJ2{),+>3�%�+�Yc),+f=�$&d�9.)(�j24;G-&-/gX78%�H.A4<�<�%1H>HDYcA4-Â^,9.=�%�0*-&)*7j;G-�),z59.$&dpA�d

dpA4HI9�%�$/9.=�%1+�35$&+.%�<½9.-&g�;*7�A59V)*2}9.=�%�<�A�+>+.%12,9y+>$&350,%*^5),+T%1-&H.%�9.=�%1+.%�dLA4HD9�78%(;XHI%1+.$&%1HT)GY�+>$&350,%1H
� � � � � 4 4�4 � ' ^

HIA4< =N9>=4;e9
� � ;*3 l )*$&24Hy9.)X9>=�%p<�A�+.+>%�2�9V+>$&350,%*^

�
*/) � ;*3 l )*$&24Hy9.)

�
*I^8;G243}Yc+>)*d

�
'}9.=�%p0*-&)*74;*-Q)*z59>$/dLA�d <1;G2

7j%(+>%1;,< =�%13QW�bs9
35%1zj%1243�HV),2�9>=�%(-K;G243�H><�;*zj%�UV=�%�9.=�%1+V)*+V2�)*9
HIAj< =N;XH.%�+>$/%�Hy%:�5$&HI9>H1W

«y=�%�=!A�d\;G2�UT;*2435%�+>%�+L$&Hh;�H.z8%1<:$K;G-y<�;,HI%�)GYV9.=4%N;*74HD9>+>;,<½9�9 ;*H.E�9.)��j243©9.=4%}78%1HI9X<�)*25�j0*A�+ ;e9>$/),2�UV=4$/-&%

%�'e;G-&A4;e9>$/240�)*2�-&g¬2�%�;G+>%1HI9�2�%�$&0*=!78)*A�+ H1W K.O
%1;G+>%1HI9n2�%�$&0*=!78)*A�+ H Mx;*+.%©9>=�),H.%¡<:),25�40,A�+>;G9.$&)*24HaUV=4$&< =�^($&2

9.=�%�A�2435%1+.-&g!$/2�0o<:)*2��40*A�+ ;e9>$/),2�HIz4;,<:%,^pHI=j;G+>%¡;G2�%13�0*%¡UV$/9.=�9>=�%�<�A�+>+.%12,9�<:)*2��40*A�+ ;e9>$/),2�WÇ«y=�%¡78%1HI9

<:)*2��40*A�+ ;e9>$/),2�$KHT9.=�%(),2�%(;e9�UV=�$K< =}9.=�%���9>2�%1H>HTYcA�24<:9.$&)*2a+>%1;*< =4%1HT$`9 HVd\;e�5$&dpA�d 'e;*-/A�%,W�bJ2}78)G9>=a24;e9>A�+>;*-

;G243�;*-/0,)*+>$`9>=�dX$&<(;*z�z�-&$&<1;e9>$/),24H�)*Y�0,+>;,35$&%�2�9�H.%1;G+ < =�%�Hy$/2�;}<:),25�40*A4+>;G9.$&)*2nHIzj;*<:%,^�9>=�%LH.%1;*+>< =a$KH
2�),+.d\;*-/-&g

2�)G9(z8%�+.Yc)*+>dh%�3�7!g�;NHI$&2�0*-&%X;G0*%12�9�7�A�9�7!g�;NUV=�),-/%hzj),z�A�-K;e9>$/),2�)GYy<:A�+>+>%�2�9�<�)*25�40,A�+ ;e9.$&)*2jH�W�«y=�%\H>;GdX%

<:)*2��40*A�+ ;e9>$/),2vdX;�gx)5<�<�A�+}H.%�',%�+ ;G-V9>$/dX%1H1W�«y=�%S;G0*%12�9>H�3�)¡2�)G9N-/$/9.%1+>;*-/-&g�dX)e',%*^V7�A59N+>;G9.=�%1+�A�2j35%�+>0*)

#�;*+.UV$&2�$K;G2n%�',)*-&A59.$&)*2��]9>=�%�gad\;GE,%�%�+>+>)*+>2�%�),A4HV<:),z�$/%�H�)*Y�9.=�%1dXH.%�-&'*%�H�UV=�$K< =�;*+.%p3�$`�_%�+>%�2�9.$K;G-&-&g}+>%:9 ;G$&2�%13

$/2�9>=�%{z8)*z�A4-&;G9.$&)*2¡;*<1<:),+>35$&2�0a9>)n9.=�%}'e;G-&A�%1H�9.=�%\�49.2�%�H.HpYcA�24<:9.$&)*2©9>;*E*%�H�)*2©9>=�%�daW¡qÂO�)*+>d\;G-&g*^���9.24%1H>H

35%:9>%�+>dh$&2�%�H{9>=�%�G ¶.²*· ´,·:»�° »�¼���²��nÀ½¯5¶½Ì�»�Ì�´G° + ;e9>=�%�+�9.=4;*2¬H.A�+.'!$&'e;G-
$/9>H.%�-/YDW§bsY�9.=�$KH}$&H�9.=�%©<�;,HI%,^y9.=�%12 9>=�%

$/243�$/'!$K35A4;G-];G0*%12�9>H(<�;*2�;*<�<�%�z59p3�%1H><:%�2j35$/240�HD9>%�z4H1^�;*-`9>=�)*A�0,=©UV$`9>=�-&)eU§z�+.),74;G74$/-&$`9Dg,W{«y=�%\UV$K3!9.=�)*Y]9>=�%

'�;*-/-&%�g�9.)\78%p<:+>),H>H.%13Q^5dLA4< =adh),+.%�9>=4;G2n$/9>H�3�%�z59>=�^j35%�9.%1+.dX$&2�%1HVUV=4%:9.=4%�+
),+V2�)G9V9>=�$KH
<�;*2n<:)*2�9>+.$&7�A59>%�9.)

%1H><�;Gz8%1HQYc+.),d¬-&)!<1;G-G),z59.$&d\;HC �4�JEsW u�bs9�35%�z8%�2434HQ)*2�9>=�%�dpA59 ;e9>$/),24;G-G),zj%1+>;G9.),+>H_UV=�$K< =�dpA59 ;G2�9�<:),25�40,A�+>;G9.$&)*24H

<�;G2p%�dX%�+>0*%f;,H�)*�_H.z�+>$/2�0
)GY4;�H.$/240*-&%f+>%�z�-&$&<1;e9>$/),2�W�Æ�'*%1+Q9.$&dX%f9>=�$KH�z�+>)5<:%�H.H�UV$/-&-,d\;*E*%�9>=�%]<�%�2�9.%1+�)*Y�0*+ ;�'�$/9Dg

)GY�9.=�%Lzj),z�A�-K;e9>$/),2ndh)e',%($/2a9>=�%p35$&+>%1<½9>$/),2n)GY���9.9.%�+�<:),25�40*A4+>;G9.$&)*24H1WT«y=4%pHI%�;G+ < =N9>;*H.E�$KH�zj;G+ ;G-&-/%1-/$&B�%�3}$&2

HIA4< ={;pH.<�%�24;*+.$&)(;G243h9>=�%�+>%�7!gLH.z8%�%13�%13\A�z�W�O
%�',%�+.9.=�%1-/%�H.H�9>=�%�z�+>)*74-/%1d�)*Y_-&)5<�;*-�)*z59>$/d\;(+>%�d\;*$/24H1^,;,HkUT%�-&-

;*H]9.=�%�$&dXzj),+I9 ;G24<�%�)*Y���9>2�%1H>Hy2�%�A�9.+ ;G-Qz4;G9.=4HTUV=�$K< =}d\;�g{<�)*2�2�%�<½9�35$/�8%1+.%12�9T),z59.$&d\;�W�bJ2a;L<�)*25�40,A�+ ;e9.$&)*2

HIz4;,<:%,^19>=�%T$/243�A4<:%�3�HIA47�0*+ ;Gz�=()*Y�9.=4),H.%f<:),25�40*A4+>;G9.$&)*24H�UV=�$&< =p=4;�'*%�9>=�%yH.;*dh%k��9.2�%�H.H�$KH�<1;G-&-/%�3�9.=�% ¸8±�¯5¼�¶.´e°

¸8±�¼ �f²G¶.³ )GY�9.=4$&H���9.2�%�H.H�'�;*-/A4%*W]«y=4%(2�%�A59>+>;*-�2�%�9DU]),+.E{)*Y�9>=�%p<�A�+.+>%�2�9>-/g{=4$/0,=�%1HI9V��9.24%1H>HV$/2�;Xz8)*z4A�-&;G9.$&)*2
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$&H�)GYyHIz8%1<�$&;*-�$/dXz8)*+.9>;G2j<:%*��%:��<:%1z59�Yc)*+(;�z8),H>H.$/7�-&%X<:)*2jHD9>+>;*$/2�9�)*2�9>=�%h9.)*9>;G-�z8)*z�A4-&;G9.$&)*2SH.$&B�%*^_9>=�%XUV=�)*-&%

2�%:9DUT)*+>EXdX;�gX78%�Yc+.%1%�-&ghz8)*z4A�-&;G9.%�3QWk#
%1zj%12435%12,9V),2{9.=4%�0,+>;*z�=�HI9.+>A4<½9>A�+.%�)GY�9.=�%�2�%�9DU]),+.E_^,9.=�$KHy<�;G2}-/%�;*3

9.)a;�0,+.%�;e9.-&ga%�2�=j;G24<�%13�35$&'*%1+>H.$/9DgN)*Yk9.=4%X<�A�+>+.%12,9�<:),25�40*A4+>;G9.$&)*24H1^ ��º5» �>º�»KÀL¸_²e¼ � ²e¯5¸j¼s±�¶ À�±:°&± ��¼J±>¹ W�mn)*+>%

35$/',%�+ HI$/9Dghdh%�;G24H];(=�$&0*=�%1+fz4;*+>;*-/-&%�-&$&B1;e9>$/),2X)GYQ9.=4%�H.%1;G+ < =XYc)*+T;G2\%1'*%�2{��9I9>%�+T2�%�$&0*=!78)*A�+>$/240�<:)*2��40*A�+ ;e9>$/),2�W

«y=�%(z�+>)!<�%1H>HT)GY�A�24H.%�-&%1<½9>%13NHIz4+.%�;*3})e'*%�+V;h2�%1A59.+ ;G-Q2�%�9DU]),+.E\$KH�<1;G-&-/%�3 ¹G¶½» � ¼ W
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Æ�2�%�Uy;�g�9>)S35%��42�%a;�-K;G2434H.<1;Gz8%�)e'*%1+(9.=4%}%1-/%1dh%12�9>HL)GY
;�H.%1@�A�%124<:%NHIzj;*<:%}$&Hp9.)S%1@�A4;G9.%}H.)*dX%N;*H.zj%�<½9
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3 Sequence Space and Shape Space of ���I����_���
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structures with 3 base pairs
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6 11 14 16 18 23 27 30 34 37 40 50 60 63 70

6 67:157 110 128 132 125 140 137 142 121 125 117 133 132 134 127

11 62 65:133 115 116 113 118 121 119 109 108 116 119 116 116 111

14 65 63 68:150 135 129 132 132 133 114 124 116 130 130 128 124

16 67 65 68 70:161 130 140 138 142 115 125 122 138 136 134 130

18 66 64 67 69 69:143 129 131 129 113 118 115 130 127 123 121

23 66 64 67 69 68 69:164 146 144 123 126 123 144 134 136 135

27 67 65 68 70 69 69 70:164 141 125 130 119 140 135 140 135

30 66 64 67 69 68 68 69 69:171 124 128 126 138 137 139 136

34 64 62 65 67 66 66 67 66 67:140 111 108 122 118 119 115

37 62 60 63 65 64 64 65 64 63 65:147 115 122 124 125 119

40 64 65 65 67 66 66 67 66 64 62 67:136 120 118 119 114

50 66 64 67 69 68 68 69 68 66 64 66 69:164 136 136 129

60 64 62 65 67 66 66 67 66 64 62 64 66 67:163 132 129

63 64 62 65 67 66 66 67 66 64 62 64 66 64 67:164 136

70 66 64 67 69 68 68 69 68 66 64 66 68 66 66 69:159
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150 160 170 180 190 200 210 220 230 240 250 252 253 254 255

150 63:142 101 116 86 98 88 76 93 73 76 82 105 73 58 77

160 57 64:149 101 95 108 96 84 96 78 74 89 90 82 71 72

170 59 55 61:144 86 98 89 76 94 77 76 84 100 77 60 83

180 55 56 53 62:128 93 75 78 88 58 68 79 76 73 56 65

190 52 57 52 51 58:153 92 78 97 66 83 85 83 86 69 80

200 52 57 52 52 53 58:115 71 81 63 69 73 77 66 60 66

210 46 47 47 53 44 46 53:116 91 59 51 78 69 75 57 73

220 51 53 51 51 50 49 48 57:132 67 63 84 82 82 64 89

230 49 51 49 44 47 45 36 43 52: 89 42 57 64 53 47 57

240 38 38 39 35 37 37 30 34 33 39: 97 61 64 55 50 52

250 52 53 52 56 49 49 50 52 42 33 59:110 70 80 59 70

252 56 51 55 48 47 46 41 46 45 37 46 56:122 62 51 64

253 42 46 42 45 41 43 42 43 36 28 46 36 49:111 53 80

254 37 41 38 38 38 39 35 39 34 28 39 35 31 41: 84 52

255 45 45 45 43 42 43 42 48 37 28 44 40 41 32 49:110
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150 160 170 180 190 200 210 220 230 240 250 252 253 254 255

6 60:112 61:121 58:115 59:104 55:114 55: 91 50: 92 54:108 52: 83 37: 76 56: 93 53: 96 48: 88 38: 68 46: 81

11 58:103 59:104 56: 99 62:106 53: 93 55: 86 53: 86 52: 96 47: 69 37: 67 56: 87 51: 85 47: 81 39: 60 44: 77

14 61:109 62:118 59:111 60:104 56:106 56: 90 51: 91 55:105 50: 76 39: 76 57: 98 54: 94 47: 90 40: 67 47: 80

16 63:116 64:123 61:118 62:108 58:116 58: 95 53: 97 57:108 52: 80 39: 76 59: 98 56: 98 49: 91 41: 71 49: 85

18 62:110 63:114 60:114 61:107 57:103 57: 92 52: 87 56:105 51: 75 38: 76 58: 94 55: 97 49: 88 40: 65 49: 83

23 62:120 63:124 60:116 61:112 57:114 57: 94 52: 98 56:112 51: 80 38: 76 58: 96 55:103 48: 93 40: 71 48: 85

27 63:123 64:125 61:120 62:107 58:116 58: 96 53: 98 57:114 52: 82 39: 78 59: 99 56:101 49: 96 41: 70 49: 91

30 62:117 63:123 60:116 61:111 57:122 57: 96 52: 93 56:113 51: 77 38: 79 58: 97 55: 99 48: 91 40: 73 49: 88

34 60:106 63:114 58:108 59: 94 56: 93 56: 85 50: 81 54: 96 51: 81 37: 61 56: 83 54: 92 46: 79 41: 60 46: 75

37 58:105 64:125 56:106 57: 96 58:113 58:100 48: 83 54:103 51: 78 39: 74 54: 92 51: 89 47: 91 41: 72 46: 80

40 60:102 61:111 58: 99 62:107 55:102 56: 91 53: 85 54:100 49: 72 39: 71 57: 89 53: 84 48: 81 40: 64 46: 74

50 62:118 63:121 60:115 61:113 57:109 57: 95 52: 92 56:109 51: 79 38: 77 58: 95 55:103 48: 90 40: 68 48: 81

60 60:114 61:123 58:120 59:109 56:116 55: 98 50: 92 54:106 50: 75 39: 81 56: 93 54:104 46: 93 39: 65 46: 82

63 60:114 61:126 58:111 60:106 56:111 55: 96 52:103 57:115 49: 78 37: 75 57: 96 53: 98 47: 90 41: 78 48: 84

70 62:114 63:118 60:111 61:104 57:110 57: 87 52: 94 56:107 51: 78 39: 75 58: 89 55: 96 48: 89 40: 68 48: 86
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4 Probing Large Neutral Networks
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5 Neutrality With Respect To A Substructure
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%1HI9.$&dX;G9.%�3�Yc+>)*d¢9.=�%(2!A�dL7j%1+�)GY�<:),2�2�%�<½9.%�3Nz4;G$&+>Hy),74H.%�+>'*%13}$&2a;\HI9>;G9.$KHD9>$&<1;G-�H>;GdXz�-&%()GY�HI%�@�A�%�24<�%1H1Wf«y=�$KH

<�;G2}2�)G9V),2�-/g�7j%(35),2�%
Yc),+y9.=�%�24;G9.A�+ ;G-Q;*-/z�=j;G78%:9 »�¸nÀ½»�° » � ² ^�74A59�$/2Nz�+>$/2j<:$&z�-/%�;G-KH.)pYc),+T2j;e9.A4+>;*-_H.%1@�A�%124<:%�H

;G243nHI9.+>A4<½9>A�+>%1H1W�q�Æ�2�%�$KHV9>=�%�2�2�)G9�<�)*25Yc+>)*2�9>%13aUV$/9.=n9>=�%�$&25Yc%1;,HI$&7�-&%�9>;,HIE})GYf35%�9.%1+.dX$&2�$/240\9.=�%h<:),dhz4-/%�9.%

2�%�A59>+>;*-]24%:9DUT)*+>E�)*Y
;�24;G9.A�+ ;G-yHI9.+>A4<½9>A�+.%,^�7�A59X2�%�%�3�Hh)*2�-&g��4243�<:)*dXz4;*+>;G9.$&'*%1-/gSYc%�U¢H.%1@�A�%124<:%�HpUV=4$&< =

;*35),z59p$/91W�«y=�%�$&35%�;n)GY
;*2 »�¸4Ìe±:¶ À�±,� ? � ? � z�+.)5<�%135A�+>%*^�UV=�$K< =�U]),A�-K3�HD9 ;G+.9�Yc+.),dª;�HI$&2�0*-&%{dX)*-&%1<�A�-K;G+

HIz8%1<�$/%�H�UV=�$K< =n;G-&+.%�;*35g{=j;*H�;{3�%1H.$/+>%13}YcA�24<:9.$&)*2�;*243n;G$&d\H�;e9�$&24<:+>%1;,HI$&2�0\dX)*-&%1<�A�-K;G+�35$&'*%1+>H.$`9Dg}UV=�$&-/%(2�)*9

-/)!),H.$&2�0�9>=�%�YcA�24<½9>$/),2�qc9.=!A4Hy%��!z4-/),+.$&2�0pzj;G+.9T)*Y�$`9 Hy2�%�A�9.+ ;G-_2�%:9DUT)*+>E�u�=4;,HT7j%1%�2�z4A�+>H.A�%�3�7!g{#�+1W�mn$K< =4;G%1-

��%�7�$&2�)*0�;aqcz8%�+ HI),24;G-Q<:),dXdpA�2�$K<�;G9.$&)*2ju:W u

RT;,HI%�3�),2�9>=�%{;G78)e'*%h35%:�424%13�z�+>)*z8%�+.9Dg*^Q-&)!<1;G-k<�)*2�%�<½9.$&'!$`9Dg,^QU]%XUT%�+>%h;*7�-&%L9>)a$/dXz�-&%�dX%�2�9p;*2�;*-/0,)*+>$`9>=�d

UV=�$&< =\<1;G2X<:-K;*H>HI$/YcgL<�)*dXdX)*2h2�%:9DUT)*+>E5H�)*Yj9>=�%�H.z4;*<�%p�
¾.¿��� ;,H�<:)*242�%1<:9.%13h),+k35$&H><:),2�2�%�<½9.%�3pUV$/9.={;�H.A4<�<�%1H>H

+>;G9.%�)GY 	  �� � W�~f+.%1-/$&dX$/24;*+.g{34;e9>;L)*2N-K;G+>0*%�+yH.z4;*<�%1HT)e'*%1+f9>=�%(24;e9>A�+ ;G-Q;G-&z�=4;*7j%�9VH.A�0,0*%1HI9V;L=4$/0,=N35%10*+>%�%
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)GYT<�)*2�24%1<½9>$/'!$/9Dg*W\RT%1<1;GA4H.%L)*Y]$/9>H($&dXz�-&$&<1;e9.$&)*2jH
Yc),+�9.=�%\%1'*),-/'e;G74$/-&$`9Dgn)*YTM�O�6 HI%�@�A�%�24<�%1H�9.=4$&H�3�%:�42�$/9.%1-/g

35%1H.%�+>'*%�HfYcA4+I9>=�%�+�$&2!'*%�HD9>$/0�;e9.$&)*2�W

O�%�A�9.+ ;G-*24%:9DUT)*+>E!H_)*Y�M�O
6¡H.%1<�)*2434;G+>g
HD9>+.Aj<½9.A4+.%�HQ=4;�'*%�78%1<�)*dX%f;yz�+>%:Yc%1+.+>%13�),7 l %1<:9�)GY5HD9>A435g�UV$`9>=�+>%1H.zj%�<½9

9.)h9.=�%(@�A�%�HD9>$/),24HT)GY�24%�A59>+>;*-8%1'*),-/A59>$/),2�78%1<1;GA4H.%hqÂ;,uf9.=4%�<�)*dL7�$/2j;e9.),+.$K<�H])GY�9.=�%(H.%1@�A�%124<:%�HD9>+.Aj<½9.A4+.%�d\;Gz

$&H]<:)*dXz4;*+>;G9.$&'*%1-/ghHI$&dXz�-/%�;G243XUT%�-&-4A�2j35%�+ HD9>)!)!3�C �G� Ej;G2j3�qc7jufM�O
6oHI%�@�A�%�24<�%1Hk;*+.%Vz4+.),74;G7�-&gX<:-&),H.%y9.)(9>=�%

+.)!)G9�)GY�-&$`Yc%,^*;G2j3(d\;�g�$&2435%1%13p)*24<�%f=4;�',%kYcA�24<:9.$&)*2�%�3p;,HDK.24;GE,%13�+>%�z�-&$&<1;e9>)*+ H MHC ����E�W�bJ2�9.=4$&H�<�;,HI%fz�+.),zj%1+I9>$/%�H

)GYy9.=�%1$/+L2�%�A�9.+ ;G-f24%:9DUT)*+>E!H�=j;�'*%\)GY�<�)*A�+ HI%\78%�%12¡)GYVA59>dX),HI9p$/dXz8)*+.9>;*24<:%,Wa«y=4%{)*A59 <:),dh%�H()GY�;*+I9>$`�j<�$&;*-

HI%1-/%�<½9.$&)*2�%��5zj%1+.$&dX%�2�9>H/C �� �E]H.A�0*0,%1HI9(9.=4;G9pUV$/9.=¡+>%1H.zj%�<½9�9>)�d\;G2!g�9 ;*H.E5H()GYVdX)*-&%1<�A�-&;*+�+>%1<:),0*2�$/9.$&)*2�9>=�%

35%�0,+.%1%L)*YT2�%1A59.+ ;G-&$/9Dgn$/2�9.=4%{HI%�@,A4%�24<�%:C�9>;*H.Ead\;Gz©d\;�gn7j%\%1'*%�2�0*+>%1;G9.%1+
9>=4;G2�9.=j;e9($/2�9>=�%\d\;Gz�z�$&2�0a)GY

HI%�@,A4%�24<�%1H�$/2�9.)aH.%1<:),243�;*+.gaHD9>+.Aj<½9.A4+.%�H���)*Y�9.%12,9>$/dX%�H
9>=�%Xz�+>%1H.%�24<�%p)GYTHI),dh%hHIA474HD9>+.Aj<½9.A4+.%hHI),dh%1UV=�%�+>%p$&2

;nHI%�@,A4%�24<�%\)GYy'�;*+.$K;G74-/%X-&%�2�0*9.=©$&H�%�2�),A�0*=�9.)�<�+.%�;e9>%X;NYcA4-/-&g�YcA424<½9>$/),24;G-kdX),-/%�<:A�-&%�C �� �^ �e��^ ����^����j^����j^

�#� EsW�?!A4< =�;p-/)!),H.%�24$/2�0p)GYQ9.=4%�<:),24HI9.+ ;G$&2,9 Hk),2\9.=�%�HD9>+.Aj<½9.A4+.%�H�^�+.%�;G-&$&HI9.$K<�;,Hk$/9Td\;�gh7j%,^!H.z8)*$&-&HTHI),dX%�)GYQ9>=�%

dh)�HD9�<�)*2!'*%12�$/%12�9(;,HIz8%1<:9>H�)*Yf9.=4%\+.%1-&;G9.$&)*2�78%:9DUT%�%12�M
O
6 H.%1@�A�%�2j<:%1H(;*243�9.=�%1$/+pH.%1<�)*2434;G+>gaHI9.+>A4<:9.A�+>%1H1W

t�)*+�%���;GdXz�-&%*^,;�H.%1@�A�%124<:%y$KH�2�)�-/),2�0*%1+�%�$/9.=�%1+k<:),dhzj;e9.$&7�-&%VUV$`9>=\;�HI9.+>A4<:9.A�+>%y)*+�2�)*91��$`9f<1;G2X<:)*2�9 ;G$&2LdX)*+>%

9.=4;*2¡;NH.$&2�0*-&%{HIA474HI%�@�A�%�24<�%\UV=�$K< =�$KH�<�)*dXz4;e9>$/74-/%\UV$/9.=©9>=�%�H.A�74HI9.+>A4<½9>A�+.%,^�;*243Q^�$`YVHIAj< =©H.A�74H.%1@�A�%124<:%�H

35){2�)*9�)e'*%1+.-K;Gz�^5$`9�<�;G2n%1'*%12�;*35),z59�9.=4%LH.A�74HI9.+>A4<½9>A�+.%pdh),+.%�9>=4;G2S;{HI$&2�0,-/%(9>$/dX%,W
mnA�-/9.$&z�-&%L<:),dXz4;e9>$/7�-&%

HIA�7jHI%�@,A4%�24<�%1H�qFKDYc+ ;GdX%1H M,u�<:)*2jHD9>$`9>A59.%{78)G9>=�;�<�)*24HI9.+ ;G$&2�9p;G243�;�HI=4%�-/9.%�+��h$`Y�<�)*dXz4;G9.$&7�$/-&$/9DgSUV$/9.=�;*-/-T)GY

9.=�%1dÇ$&HL9.)�78%}+>%:9 ;G$&2�%13�7!g�;SdpA59 ;e9.$&)*2�^�9.=�%1+.%NdX$/0,=,9X2�)*9L78%}dLA4< =¡Yc+>%�%�35)*dªYc)*+X< =4;*2�0*%,W�Ë�%N=4;�'*%

0*$&'*%�2v;�Yc)*+>dpA4-&;SYc)*+{<�)*dXz�A59>$/240©9.=�%�2!A�dL7j%1+{)GY�HI%�@�A�%�24<�%1H{;G9�;�0*$&'*%�2�9.)*9>;*-�-/%12�0G9>=vUV=�$&< =�<�)*2�9>;*$/2

;�z4;*+I9>$&<�A�-K;G+X<:)*2jHD9>%�-&-&;G9.$&)*2�)*Y�<:),dXz4;e9>$/7�-&%nHIA474HI%�@�A�%�24<�%1H1^kA4H.$/240�9>=�%a2�%�UV-&g�$/2�9>+.)535A4<�%13�<:)*2j<:%�z�9h)*Y�;

¹*± G ±�¸8¹,±:¸ � � ;*¶.´ G º qZUV=�$&< =©$KH(+>%�-K;e9.%�3�9>)N9.=�% � ²e¸j¼s´ �:¼ ;*¶.´ G º 35$KH.<�A4H.H.%13S$&2 C  ���E�u:WXbsYy$/9�$KH�=�)eU]%1'*%1+�),2�-&g

+.%�@,A4$/+>%13¡9.=4;G9h2�%1A59.+ ;G-&$/9Dg�$&Hh+>%:9>;*$/24%13¬qc9.=4;G9\$&H1^];�HI$&2�0,-/%N<:)*dXz4;G9.$&7�-&%}Yc+ ;GdX%N$&HhE,%�z59½u½^k9>=�%�2�9.=4%}dX)*+>%

dpA59 ;e9.$&)*2jH\<�;G2v78%a9.),-/%1+>;G9.%13�$&2v;©H.%1@�A�%124<:%N9.=4%ndh),+.%NYc+ ;GdX%1HX$/9�<:),2�9>;G$&24H1WvbJ2435%�%�3vHI%�@,A4%�24<�%1HXUV$/9.=

;a=�$/0,=©2�A4dp78%�+�)*Y]Yc+ ;GdX%1H�9>%�dXz8)*+ ;G+>$/-&g�)5<�<�A�+.%�3©35A�+>$/2�0N9>=�%�H.$/dLA�-&;G9.%�3S%1'*),-/A59>$/),2S)*Yy;az8)*z4A�-&;G9.$&)*2©)GY

HD9>+.$&2�0,HTA�2j35%�+Vz8)*$&2�9ydLA59>;G9.$&)*2�^Q��C�$&24H.%�+.9.$&)*2�^!;G2j3���Cs35%1-/%�9.$&)*2})*2{9>=�%�2�%:9DUT)*+>E\)GY�;LH.$&dhz4-/%(H.A�74HI9.+>A4<½9>A�+.%,W
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Ë�=�%:9>=�%�+])*+f24)G9]H.%1@�A�%124<:%�H�UV=�$K< ={;G+>%V-/),2�0*%1+�9.=4;*2X9.=�%�+.%1-/%1'e;G2�9fHD9>+.Aj<½9.A4+.%@K.z4;�g�M�$/2{%1'*),-/A59>$/),2\35%�z8%�2434H

)*2 ;,uh=4)eU UT%�-&-V9>=�%SH.A�74HI9.+>A4<½9>A�+>%n$&H};G7�-&%a9.)�;*A59.),2�)*dX),A4HI-&g¡Yc),-&3v$&2 ;©-K;G+>0*%�<:),2�9.%:�!9{)*Y(;,3�35$/9.$&)*24;*-

HI%�@,A4%�24<�%�;*243{7ju]=�)eU�z4+.),74;G7�-&%�9.=�%�;*<:9.A4;*-jYc),+.d\;G9.$&)*2�)*Y�;*3435$`9>$/),24;G-Q<�)*dXz4;e9>$/74-/%�Yc+>;*dX%1H]$&H1Wk«y=�%�-&;G9I9.%1+

@,A4%1HI9.$&)*2X<�;G2h78%�;G24H.U]%1+.%�3(7!g(9.=4%�;G78)e'*%]Yc)*+>dpA�-K;�^e7�A�9k)*2L9.=�%yYc),+.dX%�+�dX)*+>%T%:�!9.%124HI$&'*%yUT)*+>E(2�%�%�3�H�9.)�78%

35)*2�%,Wf?�9>;*7�-&%�HIA�7jHD9>+.A4<:9.A�+>%1HyUV=4$&< =n;G+>%(HI$&dXz�-&%�%12�)*A40*=N9.)\;G-&-&)eU Yc)*+�3�%(2�)e'*)LYc)*+>d\;e9.$&)*2N)GY�<:),dXz4;e9>$/7�-&%

Yc+>;*dh%�Hy0*%12�%�+ ;e9>%13N;L74+.)�;*3NHIz8%1<:9.+>A�d¢)*Y�H.%1@�A�%124<:%�-&%�2�0*9.=4HV$&2n;XHI$&dpA�-K;e9>$/),2�W�bJ2a24;e9>A�+>%�9.=�$KHV%:�_%1<:9�d\;�g

<:)*2�9>+.$&7�A59>%
9>)p9>=�%�%1'*),-/A59>$/),2{)GY�<:)*dXz�-&%:��HI9.+>A4<:9.A�+>%1H1^,7!gX�4+ HI9T0,%�2�%1+>;G9.$&2�0p;*3435$`9>$/),24;G-QH.%1@�A�%124<:%�zj),+I9>$/),24H

UV=�$&< =N9>=�%�2n<�;*2}78%(z�A59V9>)\A4H.%�7!g�H.%�-&%1<:9.$&)*2�W

6�2�)*9.=�%1+h;,HIz8%1<:9LUV=�$K< =¡z8),H.%1H�dX),+.%�3�$ �{<:A4-`9>$/%�HL$&2�H.A�74HI9.+>A4<½9>A�+>%{2�%�A�9.+ ;G-T2�%:9DUT)*+>E5H�<:),dhzj;G+>%13�9.)�YcA�-&-

-/%12�0G9>=pHD9>+.Aj<½9.A4+.%�H�$KH�9>=�%f0,+>;*z�=(HD9>+.A4<:9.A�+>%k9>)�78%f$&dhz8),H.%13�)*2(9>=�%]H.%:9�)GY�<:),dhzj;e9.$&7�-&%]H.%1@�A�%124<:%�H�W�6
-`9>=�)*A40*=

U]%pH.=�)eUÉ9.=j;e9�$/9�$KH�$&2�z�+>$&24<:$&z�-&%pz8),H>HI$&7�-&%(Yc)*+
9.=�%hHI%�9
)GYf<�)*dXz4;e9>$/74-/%pH.%1@�A�%124<:%�H�)*Y�;�HIA�7jHD9>+.A4<:9.A�+>%p;G9�;

0*$&'*%�2�-/%12�0G9>={9.)h78%�<�)*2�24%1<½9>%13\A42435%�+yz8)*$&2�9TdLA59>;G9.$&)*2SqZ$/2a<:),2�9.+ ;*HI9k9.)L9.=�%(<�)*dXz4;e9>$/74-/%�Hf)*Y�;�YcA4-/-_-&%�2�0*9.=

HD9>+.A4<:9.A�+>%*^�UV=�$K< =S2�%1'*%1+�;G+>%*^�%��5<�%�z59�Yc),+(9.=�%\),zj%12�HI9.+>A4<:9.A�+>%�u:^�$/9pHI%1%�d\H�9.)n78%\z�+>%:Yc%�+ ;G74-/%h9.)N9 ;GE*%h9>=�%

<:)*+>+>%�-K;e9.$&)*2jHk35A�%
9.)�9>=�%�74;*H.%�z4;*$/+ Hk$&2�9.)L;,<�<�)*A�2�91W�bJ2};,<�<�)*+ 3�;G24<�%VUV$`9>=�#�+1W@��;*<�@�A�%1-/$&2�%�ËS%17j%1+ C/�  � �EjUT%

z�+.),zj)�HI%y9>)�dpA�9>;e9>%
;(z4;*$/+f)GYQzj)�HI$/9.$&)*2jHk$&2{;�<:),dhzj;e9.$&7�-&%�HI%�@�A�%�24<�%�$&2{;�HI$&2�0,-/%�HI9.%1z{UV=�%�24%�'*%1+�9.=4%�gLYc)*+>d

;X74;*H.%�z4;G$&+V$/2a),2�%�)GY�9.=�%�<�)*dXz4;e9>$/74-/%�Yc+ ;GdX%1Hy)*Y�9>=�%�H.%1@�A�%�2j<:%*Wk«y=4$&HVd\;�g{+>%1H.A�-/9V$/2�;hz8),H.$`9>$/),2N=j;�'�$&2�0

dh),+.%p9.=4;*2S;NHI$&2�0,-/%hz4;G$&+�%:��< =4;G240*%�2�%1$/0,=!7j),A�+1W�«y=4%h;,35'e;G2�9>;*0*%�)*Yk9.=�$KH(<:),24HI9.+>A4<½9>$/),2�$&H�9>=�%pYZ;,<½9�9.=4;G9

9.=�%�+>%1H.A�-/9>;*2,9]0*+ ;Gz�=X$KHk<:),2�2�%1<:9.%�3QW /])*+>+.%�HIz8)*243�$/2�0,-/g,^G$/9]HI=4)*A�-K3X7j%
zj)�H.H.$/74-/%V9>)p35%�H.<�+.$&7j%�;pHIA�7jHD9>+.A4<:9.A�+>%

2�%�A59>+>;*-�2�%�9DU]),+.E�;,H�;X+ ;G2435),d¢0,+>;*z�=}$&2435Aj<:%13a$&2a9.=4%�0*+ ;Gz�=N)GYk<�)*dXz4;e9>$/74-/%�H�WT«y=�$&H�UV$/-&-�<�%�+.9>;G$&2�-&g�78%p;

dh)�HD9�z4+.),dh$KH.$/2�0L9>;,HIE{Yc)*+y9.=4%�YcA59.A�+>%*W
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Appendix: SOCs of the Structures of AUGC 16

«y=�$&Hy;*z�zj%12435$/��-&$&HI9>H]9.=4%�HI9.+>A4<½9>A�+>%1HTUV=�$K< =};G+>%
+>%1;*-/$&B�%�3\7!gX9.=�%(H.%1@�A�%124<:%�Hf)*Yy� �D����_��� W /]),-/A�dX24HyM�;*2�E_^
?!$/B1%*^4;*243a?�9.+>A4<½9>A�+>%�<:)*2�9 ;G$&2{9.=4%(zj)�HI$/9.$&)*2a$&2�9>=�%�HI$&B�%(),+>3�%�+>%13{+ ;G24E\-/$KHD9�)*Y�;*-/-�HI9.+>A4<:9.A�+>%1H1^!9.=�%(2!A�dL7j%1+
)GYQHI%�@,A4%�24<�%1H�UV=�$K< =X7j%1-/),2�0�9.)�9>=�%�2�%�9DU]),+.E_^G;*243h9.=�%�HI9.+>A4<:9.A�+>%V$/2X7�+ ;*< E,%:9k35)*9f2�)G9 ;e9>$/),2�W�/]),-/A�dX2�?4Æ�/
<:)*2�9 ;G$&24H�9>=�%�?5%1@�A�%�2j<:%�Æ
Y /]),dX)*2�%12,9 H���Yc)*+]%�',%�+>gh<�)*dXzj),2�%�2�9T)GYQ9.=4%
2�%�9DU]),+.E_^G9>=�%�+>%
$KH])*2�%�-/$&2�%
0,$/'!$&2�0
9.=�%X2!A�dp78%�+�)*Y]HI%�@�A�%�24<�%1H�$/9�<�)*2�9>;*$/24H1W�6�-KH.)�Yc),+�%1'*%1+.gn<:),dXzj),2�%�2�9(HI%1z4;G+ ;e9>%�-&g*^Q<:),-/A�dX2 /])*24H.%�+>'e;e9.$&)*2
~k+>)G�4-&%k35%�z4$&<:9>HQ9>=�%f35%10*+>%�%�)GY�H.%1@�A�%124<:%k<�)*24H.%�+>'e;e9.$&)*2(;G9Q9.=�%k$&2435$&'!$&3�A4;G-�HI%�@,A4%�24<�%�zj)�HI$/9.$&)*24H1^e;*H�3�%1H><:+>$/78%13
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