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"La Filosophia è scritta in questo grandissimo libro, 
que continuamente ci stà aperto innanzi à gli occhi
(io dico l’universo) ma non si può intendere se 
prima non s’impara à intender la lingua, e conoscer
i caratteri, nei quali è scritto. Egli è scritto in lingua
matematica, e i caratteri son triangoli, cerchi. &
altre figure Geometriche ...", 

„Philosophy [science] is written in this grand book, 
the universe ... . It is written in the language of 
mathematics, and ist characters are triangles, circles 
and other geometric figures; …. „

Galileo Galilei. 1632. Il Saggiatore. 
Edition Nationale, Bd.6, Florenz 1896, p.232.

Galileo Galilei, 1564 - 1642
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If Charles Darwin would have written the „Origin“ 
in mathematical language, how would he have done it?

Molecular replicators – What do they need and how do 
they work?

Can we have selection and coexistence simultaneously? 
Where does neutrality come from and what is it good 
for in evolution?
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Leonardo da Pisa
„Fibonacci“ 

~1180 – ~1240 

Thomas Robert Malthus
1766 – 1834

1, 2 , 4 , 8 ,16 , 32 , 64, 128 , ... 

geometric progression

exponential growth

The history of 
exponential growth



Pierre-François Verhulst, 
1804-1849
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The logistic equation, 1828



( )ΦrxxCΦxr

xr
C
xxrx

C
xxrx

−==≡

−=⇒⎟
⎠
⎞

⎜
⎝
⎛ −=

dt
d:1,)t(

dt
d1

dt
d

Darwin

[ ]

( ) ( ) ∑∑

∑

==

=

=−=−=

===

n
i iijj

n
i iijj

j

n
i iiin

xfΦΦfxxffx
x

Cxx

11

121

;
dt

d

1;X:X,,X,X K

Generalization of the logistic equation to n variables yields selection
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Ronald Fisher (1890-1962)

Mendel

alleles: A1, A2, ..... , An

frequencies:   xi = [Ai] ;  genotypes:  Ai·Aj

fitness values:  aij = f (Ai·Aj), aij = aji

Darwin
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Ronald Fisher‘s selection equation: The genetical theory of natural selection. 
Oxford, UK, Clarendon Press, 1930.



Manfred Eigen
1927 -
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Mutation and (correct) replication  as parallel chemical reactions
M. Eigen. 1971. Naturwissenschaften 58:465, 

M. Eigen & P. Schuster.1977. Naturwissenschaften 64:541, 65:7 und 65:341



Replication and mutation are parallel chemical reactions.



Quasispecies

Driving virus populations through threshold

The error threshold in replication



Chain length and error threshold
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The unique feature of exponential growth



Exponential growth and limited ressources 
give rise to selection.

Copying digital (genetic) information gives 
rise to mutation.

There is no known working example of effective 
selection without exponential growth.

There is no known working example of effective 
mutation without digital information. 
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An example of two ribozymes growing exponentially by cross-catalysis.
T.A. Lincoln, G.F. Joyce. 2009. Self-sustained replication of an RNA enzyme. Science 323:1229-1232 
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G = - 12.7 kcal / mole

- 10.4 kcal / mole (50o C)

(37o C) 

- 15.4 kcal / mole (20o C)          

E1 + E2 E1 E2

Vienna RNA Package Version 1.8.2



Initial concentrations     Relative equilibrium concentrations 

E1 E2 E1.E2 E1 E2 

1  10-6 1  10-6 0.4832 0.0168 0.0168 

1  10-7 1  10-7 0.4489 0.0511 0.0511 

1  10-8 1  10-8 0.3561 0.1439 0.1439 

1  10-9 1  10-9 0.1781 0.3219 0.3219 

1  10-10 1  10-10 0.0369 0.4631 0.4631 

 

T = 37o C; concentrations in mole / l

Initial concentrations     Relative equilibrium concentrations 

E1 E2 E1.E2 E1 E2 

1  10-6 1  10-6 0.4991 0.0009 0.0009 

1  10-7 1  10-7 0.4971 0.0029 0.0029 

1  10-8 1  10-8 0.4908 0.0092 0.0092 

1  10-9 1  10-9 0.4715 0.0285 0.0285 

1  10-10 1  10-10 0.4153 0.0847 0.0847 

 

T = 20o C; concentrations in mole / l

Initial concentrations     Re

E1 E2 E

Calculated concentrations of ribozyme monomers and dimers

lative equilibrium concentrations 

1.E2 E1 E2 

1  10-6 1  10-6 0.3655 0.1345 0.1341 

1  10-7 1  10-7 0.1920 0.3080 0.3076 

1  10-8 1  10-8 0.0424 0.4576 0.4575 

1  10-9 1  10-9 0.0050 0.4950 0.4950 

1  10-10 1  10-10 0.0005 0.4995 0.4995 

 

T = 50o C; concentrations in mole / l



Christof K. Biebricher 1941-2009

metastable

stable

C.K. Biebricher, R. Luce. 1992. In vitro recombination and terminal recombination of RNA 
by Q replicase. The EMBO Journal 11:5129-5135.



A sketch of complementary replication by Q replicase



Gfold = - 68.5 kcal / mole

Gfold = - 98.4 kcal / mole

Gfold = - 277.4 kcal / mole

Gbind = - 72.1 kcal / mole

SV11 plus strand



Gfold = - 71.1 kcal / mole

Gfold = - 101.9 kcal / mole

Gfold = - 277.4 kcal / mole

Gbind = - 72.1 kcal / mole

SV11 minus strand



Extension of the notion of molecular structure



Extension of the notion of molecular structure



Extension of the notion of molecular structure
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J.H.A. Nagel, C. Flamm, I.L. Hofacker, K. Franke, 
M.H. de Smit, P. Schuster, and C.W.A. Pleij.

Structural parameters affecting the kinetic competition of 
RNA hairpin formation. Nucleic Acids Res. 34:3568-3576,
2006.

An RNA switch



The natural thiamin-pyrophosphate RNA-switch

S. Thore, M. Leibundgut, N. Ban. 
Science 312:1208-1211, 2006.



M. Mandal, B. Boese, J.E. Barrick, 
W.C. Winkler, R.R, Breaker. 
Cell 113:577-586 (2003)



Nucleotide sequence and secondary structure 
of the potato spindle tuber viroid RNA

H.J.Gross, H. Domdey, C. Lossow, P Jank, 
M. Raba, H. Alberty, and H.L. Sänger. 
Nature 273:203-208 (1978)



Nucleotide sequence and secondary structure 
of the potato spindle tuber viroid RNA

H.J.Gross, H. Domdey, C. Lossow, P Jank, 
M. Raba, H. Alberty, and H.L. Sänger. 
Nature 273:203-208 (1978)

Vienna RNA Package 1.8.2            Biochemically supported structure          



Exponential growth of RNA replicators
requires structures with sufficient stability

resulting from many but not too stable stacks.

Multiconformational RNA molecules can fulfill
otherwise conflicting criteria.
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Symbioses, hypercycles and other dynamical 
mechanisms allow for the coexistence of 
replicators through

suppression of selection

by functional coupling and interdependence.

Is there an alternative? Neutrality?



What is neutrality ?

Selective neutrality = 
= several genotypes having the same fitness.

Structural neutrality =
= several genotypes forming molecules with 
the same structure.



Vienna RNA-Package

Version 1.8.3

http://www.tbi.univie.ac.at

The inverse folding algorithm searches for sequences that form a given RNA 
secondary structure under the minimum free energy criterion. 



many genotypes          one phenotype



Motoo Kimuras population genetics of 
neutral evolution. 

Evolutionary rate at the molecular level. 
Nature 217: 624-626, 1955.

The Neutral Theory of Molecular Evolution. 
Cambridge University Press. Cambridge, 
UK, 1983.



Motoo Kimura

Is the Kimura scenario correct for frequent mutations?
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Random fixation in the
sense of Motoo Kimura

Pairs of neutral sequences in replication networks

P. Schuster, J. Swetina. 1988. Bull. Math. Biol. 50:635-650



A fitness landscape including neutrality



Neutral network: Individual sequences

n = 10, = 1.1, d = 1.0



Consensus sequence of a quasispecies of two strongly coupled sequences of 
Hamming distance dH(Xi,,Xj) = 1. 



Neutral network: Individual sequences

n = 10, = 1.1, d = 1.0



Consensus sequence of a quasispecies of two strongly coupled sequences of 
Hamming distance dH(Xi,,Xj) = 2. 



N = 7

Neutral networks with increasing :  = 0.10, s = 229



N = 24

Neutral networks with increasing :  = 0.15, s = 229



Structural neutrality results from the
enormous size of sequence space and the
limited repertoire of structural motifs.

Neutrality in catalytic function is a result of 
the limited repertoire of transition state 

structures. 

Neutrality in replication dynamics allows for
simultaneous selection and coexistence.
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Thank you for your attention!
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