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The forward problem of chemical reaction kinetics (Level I)
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The forward problem of biochemical reaction kinetics (Level I)



The inverse problem of biochemical 
reaction kinetics (Level I) Time
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The forward problem of bifurcation analysis (Level II)



The inverse problem of bifurcation
analysis (Level II)
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Regulatory protein or RNA
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Metabolite

Regulatory gene

Structural gene

A model genome with 12 genes

Sketch of a genetic and metabolic network



States of gene regulation in a bacterial expression control system – Jacob - Monod model
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States of gene regulation in a bacterial expression control system – Jacob - Monod model
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Cross-regulation of two genes
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Gene regulatory binding functions
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Qualitative analysis of cross-regulation of two genes:    Stationary points
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Qualitative analysis of cross-regulation of two genes:     Jacobian matrix
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M. Marcus. Two determinant condensation formulas. Linear Multilinear Algebra. 22:95-102, 1987.

I. Kovacs, D.S. Silver, S.G. Williams. Determinants of commuting-block matices. Am.Math.Mon. 106:950-952, 1999.
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Eigenvalues of the Jacobian of the 
cross-regulatory two gene system
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s > 0.5: bistability

both genes on
or

both genes off

Regulatory dynamics at D 0 , act.-act., n=2



Regulatory dynamics at D 0 , act.-rep., n=3

s > 1.29: stable limit cycle

gene activity oscillating



Regulatory dynamics at D > DHopf , act.-repr., n=3



Regulatory dynamics at D 0 , rep.-rep., n=2

s > 0.794: bistability

gene 1 on  and gene 2 off
or

gene 1 off and gene 2 on



Hill coefficient:  n Act.-Act. Act.-Rep. Rep.-Rep. 

1 S , E S S 

2 E , B(E,P) S S , B(P1,P2) 

3 E , B(E,P) S , O S , B(P1,P2) 

4 E , B(E,P) S , O S , B(P1,P2) 
 

E ...... „extinction“, both genes off
S ...... „stable fixed point“ with both genes (partially) active
O ..... „oscillations“, stable limit cycle
B ...... „bistability“
P1 ..... gene 1 on and gene 2 off
P2 ..... gene 1 off and gene 2 on
P ...... both genes active
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Regulatory dynamics, int.-act., m=2, n=4

3.67 > s > 2.02: bistability

both genes on or both genes off

s > 3.67: bistability and stable
limit cycle

both genes off or gene activity
oscillating



17.96 > s > 3.883: bistability

gene 1 on  and gene 2 off
or

gene 1 off and gene 2 on

s > 17.96: bistability and stable
limit cycle

gene 1 on  and gene 2 off
or

gene activity oscillating

Regulatory dynamics, rep.-int., m=2, n=4



( )( )

( )( )

( )( )εε

εε

εε

−−−−
∂
∂

−

−−−−
∂
∂

−

∂
∂

−−−−−

=⋅−⋅

PQQP

PQQP

QPPQ

kkdd

dd
p
Fkk

dd
p
Fkk

p
Fkkdd

33
2

3
33

22
1

2
22

3

1
1111

0

0

0

PQPQ

2

3

1

2

3

1
321321 p

F
p
F

p
FkkkkkkD PPPQQQ

∂
∂

∂
∂

∂
∂

−=

Upscaling to more genes: n = 3





An example analyzed and simulated by MiniCellSim

The repressilator:  M.B. Ellowitz, S. Leibler. A synthetic oscillatory network of transcriptional 
regulators. Nature 403:335-338, 2002



Stable stationary state

Limit cycle oscillations

Fading oscillations 
caused by a stable 
heteroclinic orbit

Hopf bifurcation

Bifurcation to May-Leonhard system

Increasing 
inhibitor 
strength
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start

start

The repressilator limit cycle
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The repressilator heteroclinic orbit
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Stationarity approximation
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two stable states

E: both genes off
P: both genes on

Simplified two gene system (x1,x2): act2-act2



two stable states

P1: gene 1 on, gene 2 off

P2: gene 1 off, gene 2 on

Simplified two gene system (x1,x2): rep2-rep2



full two gene system:
„symmetric“ 
(q1,q2,p1,p2)

Bifurcation analysis

full two gene system:
„asymmetric“ 
(q1,q2,p1,p2)



full two gene system: 
(q1,q2,p1,p2)

simplified two gene system: 
(x1,x2)

Bifurcation analysis



full three gene system: 
(q1,q2,q3,p1,p2,p3)

Bifurcation analysis

simplified three gene system: 
(x1,x2,x3)
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J. Lu, H.W. Engl, P. Schuster. Inverse bifurcation analysis: Application to simple gene systems. 
AMB Algorithms for Molecular Biology 1, no.11, 2006.



The bifurcation manifold 



Defininition of the forward operator   F(p)





Iterative solution for min J(p)
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Switch or oscillatory behavior in Escherichia coli

T.S. Gardner, C.R. Cantor, J.J. Collins. Construction of a genetic toggle switch in 
Escherichia coli. Nature 403:339-342, 2000.
M.R. Atkinson, M.A. Savageau, T.J. Myers, A.J. Ninfa. Development of genetic 
circuitry exhibiting toggle switch or oscillatory behavior in Escherichia coli. Cell 
113:597-607, 2003.



Inverse bifurcation analysis of switch or oscillatory behavior in Escherichia coli

J. Lu, H.W. Engl, P. Schuster. Inverse bifurcation analysis: Application to simple 
gene systems. AMB Algorithms for Molecular Biology 1:11, 2006.
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Inverse bifurcation analysis of the repressilator model

S. Müller, J. Hofbauer, L. Endler, C. Flamm, S. Widder, P. Schuster. A generalized 
model of the repressilator. J. Math. Biol. 53:905-937, 2006.



Inverse bifurcation analysis of the repressilator model

J. Lu, H.W. Engl, P. Schuster. Inverse bifurcation analysis: Application to simple 
gene systems. AMB Algorithms for Molecular Biology 1:11, 2006.
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A simple dynamical cell cycle model

J.J.  Tyson, A. Csikasz-Nagy, B. Novak. The dynamics of cell cycle regulation. 
Bioessays 24:1095-1109, 2002



A simple dynamical cell cycle model

J.J.  Tyson, A. Csikasz-Nagy, B. Novak. The dynamics of cell cycle regulation. 
Bioessays 24:1095-1109, 2002



Inverse bifurcation analysis of a dynamical cell cycle model

J. Lu, H.W. Engl, P. Schuster. Inverse bifurcation analysis: Application to simple 
gene systems. AMB Algorithms for Molecular Biology 1:11, 2006.
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