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Some conclusions



1. A general and simple model for evolution



Motto: Occam®s razor in the twentieth century

Everything should be made as simple as
possible, but not simpler.

Attributed to Albert Einstein
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The three major processes driving evolution
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Three internal parameters driving evolution
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Competition and variation: error threshold
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Competition and cooperation: major transition
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Darwinian optimization

The minimal model of evolution



stock solution [A] =ag —> reaction mixture [A][X] —>
] {)

two external parameters:
flow rate r= ’CR'1

resources A ... a,

time constraint ... Ty =r?

The continuously fed stirred tank reactor (CFSTR)



A + X,

A+ X, + X1

A .

X, + X;: i,j=1

X,‘ + X.j + x?'.-—l—l; 3] =1

.

I

and

-----

n:

; mod n .

chemical reaction equations: k;, I. ... reaction rate parameters

Q

i ... elements of the mutation matrix
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Os; ,
fi=k; y
— S A —F— -0 P

A molecular mechanism for mutation



— = —a Y_xj(kj + lixjz1) + r(ao —a) and

dt =
dx,— L .o .
—l a(z Qij(k; + ljxj+1)xj) —rxi; 1, =1...,n; ] mod n

PI
1—p

Qii(p) = QEdH{X:’:X,f) with Q= (1—-p)' =Q;;Vi=1,...,n and ¢ =

uniform error rate model

Kinetic differential equationS



dPm n

TS = ?‘P(m;m—l) ~+ ?’((?H + 1)p(m;m—f—1) + Z(H} + 1)P(m;5}-—|—1)) +
j=1

n

+ (m+ 1) Z((k} + f}; Sj—l—l)(5j - 1)P(m;m—|—1,sf—1)) —
=1

_ (;;(ao +m + isj) + m(i(k}- +1isiq1) sj))Pm.

=1 =1

m = (m,s1,...,Sp)and (m;m —1) = (m—1,s1,...,s,), etc.

m = (m'=m=+1,s1,...,5,) = (m;m=+1)
reactions m—-m: m’' = (m’' =m,s1,...,50—1,...,5,) = (m;s — 1)
m = (m' =m—1,51,...,8,=sk+1,...,8,) = (m;m—1,s8, + 1)

master equation of the evolution model



2. Mutation and quasispecies
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Competition and variation: error threshold
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Xm
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< stationary mutant distribution >
1.0 \
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0.8
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0.2 AN -
| N [popuiations
frequency of master sequence G
A — ™
0 0.01 0.02 0.03 0.04 0.05
mutation rate p
v v
accuracy limit of replication error threshold

The error threshold in replication and mutation



3. Cooperation and major transitions
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Competition and cooperation: major transition



A+X —— 2X:: j=1,....n,

A+X +X —s 2X;+X;:ij=1....n

A simple model for the analysis of competition and cooperation



A+X +X —s 2X +X;:di.j=1....n

A simple model for the analysis of competition and cooperation



L
A+ X + X1 — 2Xi+ X 0,5=1..... n

n catalytic terms

X4
Xs/ \ X

\

X, X5

X, « X« Xy« ... & X,.1 <« X,

A still simpler model for the analysis of competition and cooperation



AL X — 2% i=1,....n,

A—|—X;_—|—XE-+1 — 2x3—|— X-i+1; 23:1?’2,

A still simpler model for the analysis of competition and cooperation



A = a and X, =2;; j=1.....n

T
da
T - E (k‘j + Zj.‘lfjjq) r; + 1|+ apr
_ o
da;
at
quasi-stationary solutions: (i) 7; = 0; j=1,...,n

(i) (kj + LTje)@a —r = 0; j modn

In case of compatibility and linearity the number of stationary solutions is 2".

Kinetic differential equations and stationary solutions
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: . 10 O Sy« S¥ 10 o
increasing a,-values

extinction selection
k, <k, and 1, > 1,
10 J S®» < S, 10 —O
selection cooperation

Stationary Values

Name Symbol — — — Stability Range
a X1 X2
extinction So ao 0 0 0<ay < k:_z
. 2 ’ y - ’ —k
selection Sg ) ?(’—2 0 ag — }’_2 ?3_2 < qgg < ?33 + 211 1
cooperation 5o 0 % ”[_lk&}f‘f kf_z + k2[1k] < ap
1 ‘ mn ;lz n l
ag, = o = 5 (ag + Y — \/[ag + )2 — -lrc)) with ¢ = T o= T
B i=1 i=1

1 .
ro< E{aoﬂ'}z



k, <k, < kg

l, > 1, >, S, & S%

increasing a,-values
extinction selection

(3) (1)
81 TARN 82

C?( selection exclusion

(1)
82 PN 83

- 1
exclusion cooperation



k,<k,<ks and I,>1,>1,

increasing a,-values

Stationary Values

Name Symbol Stability Range
a X1 X2 X3
extinction So agp 0 0 0 0<ap < £
. (3) r r I kj—kz
selection 54 % 0 0 a0 — 1= = <a) < ¢+
- (1) r r ka—k; ka—k; r | ka—k; ro| ka—ko | ka—ky
exclusion S5 % 0 e T = 2 <ag < £+ B 4 R
cooperation S N r—ksa r—kyu r—kya I ks —k> + ik o,
P 3 Iz [« La ks l> Iy 0
1 : . T 'ZL‘-l i J_
s, = ¢ = 5 (fiﬂ + U = \/[ao + 1) — 41"@) with ¢ = E g—z O = T
4 i 7



A + X_),' + X'.)-H — QXJ + ijrl:_ } =1, ...,

A — @ . and

Hypercycle dynamics in the flow reactor

n; 7 mod n .



da .
dt = —1 ( E [j 'I.j' I'j-l-l -+ '.P‘) + apr
. =
dz; , .
dj = T (!j arj] — ?‘) c7=1,...,n; jmodn
: _

change of coordinates: £;41 = [ x4 leads to

d¢;
ﬁ = Ci(a&yr — 1) j=1,...,n; j,j+1 mod n

n

T T 2T i
wy = Efag —2&¢) < 0 and wy = r exp( ! Lf)
barycentric transformation

Long-time behavior of hypercycles in the flow reactor

P. Schuster, K. Sigmund. Dynamics of evolutionary optimization.
Ber.Bunsenges.Phys.Chem. 89:668-682, 1985.
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X = (m,s;;5=1,...,n)

(X: hi) - (Hl: Sy vy Bk = 'L‘T,: ce :n’) - (hé)

Px(t) = Prob ([A(t‘)] =m, | X;(t)=s;;7=1,... ,n)
dPx L -
= ap T Pim-1) + "’((111 + 1) Py + Zl( i l)P(5+1))+
-
+ (m+ 1) Z((’i +1jsj41)(85 — l)P(mHﬁj”) B
j=1

_( (ao+111 +Z )+111(:Zl fi +kjsjs1) s ))PX

The master equation for competition and cooperation
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phase I: raise of [A] ; phase Il: random choice of quasistationary state ;

phase I1l: convergence to quasistationary state

Gillespie simulation: D.T. Gillespie, Annu.Rev.Phys.Chem. 58:35-55, 2007
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Initial values Final states

X1(0) | X2(0) N, Ngw) Ng@
1 1 263.1 + 10.32 | 503.2 £ 15.99 | 233.6 £ 13.07
2 2 71.5 £+ 8.16 741.5 £ 8.89 187.0 + 7.33
3 3 20.0 += 3.94 873.8 £ 9.54 106.1 £ 11.15
4 4 5.9 = 2.81 933.1 &= 11.01 60.5 &£ 9.37

Choice of parameters: k; = 0.11 [M-1t]; k, = 0.09 [M-t!]; a, = 200; r = 0.5 [Vt]

Counting of final states
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200

Initial values Probability of extinction
Xi(0) | Xa(0) P(So) 150
1 1 0.71741 + 0.00402 %
2 2 0.29879 + 0.00461 ”g- 100 h " /
| 5 M"mw,/w Vs
3 3 0.08599 + 0.00272 -g ‘
4 4 0.01951 + 0.00129 2 50 |
5 5 0.00360 + 0.00038 )’
A e MMM-I\MMM.MMMMMM A AN

|1 = |2 =0.01 [|\/|-1t-1] 0 5 10 15 20

time

l, =1,=0.002 [Mt1]

Choice of other parameters: a, = 200; r = 0.5 [Vt!]

Stochastic cooperation withn = 2
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Random decision in the stochastic process



Initial values

Final states
X1(0) X5 (0) Ns, ngl) ng_‘z) Ns,
1 1 385.1 £ 23.6 1481.0 £+ 36.8 1719.6 £+ 37.8 6414.3 £+ 53.8
2 2 14.9 £ 2.6 303.7 &+ 16.0 354.5 £ 23.8 9326.8 4+ 22.7
3 3 0 70.2 +£ 10.0 106.2 & 10.9 9823.4 + 15.7
4 4 0 12.1 £ 2.6 28.0 £ 5.0 9959.9 + 6.4

Choice of parameters: k; = 0.011 [M-t!]; k, =0.009 [M-1t1];
[, =0.0050 [M-2t1]; 1, =0.0045 [M-2t1];
a,=200; r=0.5[Vvt!];a(0)=0

Competition and cooperation with n =2
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Stochastic extinction of hypercycles
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4. Can mutations counteract extinction ?
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A+ X, + X SN 2X, + Xy g=1,...,n; 7 mod n

yd x1\
X5 X
X, X5
X, « X <« Xy &« -« &= X1 < X,

Catalytic hypercycles



mutation mechanism, N = 4: ,sequence space*



)
W=

mutation mechanism, N = 5: ,pentagram‘
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Oscillatory hypercycles:simulation for n=4, enlargement
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Oscillatory hypercycles: simulation forn=5




1000

800

600

400

time of extinction t0

200

WWM
100 200 300 400 500 600 700
resource concentration a0

mutation rate: p = 0.0000

Oscillatory hypercycles: simulation forn=5
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5. Some conclusions



The model despite its simplicity illustrates and provides explanations
for features observed in real biology.

A Cartesian space with competition, cooperation, and variation
plotted on the axes is used to classify processes that lead to
transition phenomena. Commonly - but not always - these
transitions are sharp in the sense of ‘phase transitions' in finite
systems or they are represented by bifurcations.

These transitions are:

i. A fransition from ordered reproduction to random replication on
the face constituted by differential fitness and mutation.

ii. A transition from selection to cooperation in the sense of the
initiation of a 'major transition’ driven by the availability of
resources on the face of differential fithess and cooperation.

iii. A transition from stochastic extinction to survival on the face
of cooperation and mutation.

A conjecture states that all fransitions smoothen out in the interior
of the Cartesian space.



Insofern sich Satze der Mathematik auf die
Wirklichkeit beziehen, sind sie nicht sicher, und

insofern sie sicher sind, beziehen sie sich nicht
auf die Wirklichkeit.

As far as the laws of mathematics refer to
reality, they are not certain, and as far as they
are certain, they don't refer to reality.

Albert Einstein. Geometrie und Erfahrung. Sitzungsberichte der
Preussischen Akademie der Wissenschaften, 1921 (1), 123-130



Thank you for your attention
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