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The problems of quantitative biology

Forward and inverse problems in reaction kinetics
Regulation kinetics and bifurcation analysis
Reverse engineering of dynamical systems

How to upscale from small models to cells?



1. The problems of quantitative biology



A model genome with 12 genes
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Biochemical Pathways

The reaction network of cellular metabolism published by Boehringer-Ingelheim.
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The bacterial cell as an example for the
simplest form of autonomous life

The human body:

1014 cells = 1013 eukaryotic cells +
~ 9x1013 bacterial (prokaryotic) cells,
and = 200 eukaryotic cell types

The spatial structure of the
bacterium Escherichia coli




2. Forward and inverse problems in reaction kinetics



Kinetic differential equations

dx
Tt = f(OGK); X=X - X,) 5 kK=(K.. K )

Reaction diffusion equations

ox _ D V*x + f(x; k)
ot

General conditions: T, p,pH,I, ...
Initial conditions:  X(0)

Boundary conditions:
boundary ... S, normal unit vector ...0

Dirichlet : ~ x® = g(r,1)

Neumann : ox =0-Vx®=g(r,t)
ou

The forward problem of chemical reaction kinetics (Level I)



Kinetic differential equations

d
di‘ = F06K); X=X %) K=(K,e oK)

Reaction diffusion equations
X

ox _ D V*x + f (x; k)

ot

Genome: Sequence Ig

General conditions: T, p,pH,I, ..
Initial conditions:  X(0)

Boundary conditions :
boundary ... S, normal unit vector ... {i

Dirichlet :  x° = g(r,t)

Neumann : % =0-Vx*=g(r,t)
ou

The forward problem of biochemical reaction kinetics (Level I)



Genome: Sequence I

The inverse problem of biochemical
reaction kinetics (Level I)

Kinetic differential equations

C;: = F(GK); X=(X,.. X, ) K=(K;,.. K,)
Reaction diffusion equations
ox _ D V’x + f(x;k)
ot

General conditions : T, p,pH, I, ...
Initial conditions :  X(0)

Boundary conditions :
boundary... S, normal unit vector... U

Dirichlet: ~ x° =g(r,1)

Neumann : O =0-Vx*=g(r,t)
ou



Genome: Sequence I;

Kinetic differential equations

(;f = £(XK); X=X 0%) s K=(K e oK)

Reaction diffusion equations
X _ b vy +f(x; k)
ot

l

General conditions : T, p,pH, I, ...
Initial conditions :  X(0)

Boundary conditions :
boundary ... S, normal unit vector ... {i

Dirichlet: X =g(r,t)

Neumann : ox =0-Vx® =g(r, t)
ou

The forward problem of bifurcation analysis (Level II)



Genome: Sequence I

The inverse problem of bifurcation
analysis (Level II)

Kinetic differential equations

Ccili( = F(X:K); Xx=(X,,..,X,) s K=(K,,....K,,)
Reaction diffusion equations
% _ b v+ f(x:k)
ot

General conditions: T, p,pH,I, ..
Initial conditions:  X(0)

Boundary conditions:
boundary ... S, normal unit vector... &

Dirichlet: ~ x° = g(r,t)

Neumann : ox =0-Vx®=g(r,t)
u



3. Regulation kinetics and bifurcation analysis
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Abstract

Regulation of gene activities is studied by means of P isted math ical analysis of ordinary differential equations (ODEs)
derived from binding equilibria and chemical reaction kinetics. Here, we present resulls on cross- regulauon of two genes t]lrough
activator and/or repressor binding. Arbitrary (differentiable) binding function can be used but ions are p i for
gene—regulator complexes with integer valued Hill coefficients up to n = 4. The dynamics of gene regulation is derlvcd from bifurcation
patterns of the underlying systems of kinetic ODEs. In particular, we present analytical exy for the p values at which
one-dimensional (transcritical, saddle-node or pitchfork) and/or t ional (Hopf) bifurcati occur. A classification of
regulatory states is introduced, which makes use of the sign of a ‘regulatory determinant’ D (being the determinant of the block in the
Jacobian matrix that contains the derivatives of the regulator hmdmg I'uucuons] (i) systems with D <0, observed, for example, if both
proteins are activators or repressors, lo give rise to !l ions only and lead to bistability for n=2 and (ii) systems
with D=0, found for com\nnauons ol‘ activation and repression, sustain a Hopf bifurcation and undamped oscillations for n>2. The
infl of basal T ivity on the bifurcation patterns is described. Binding of multiple sut can lead to richer dynamics
than pure activation or repression states if intermediates between the unbound state and the I'ully saturated DNA initiate transcription.

Then, the regulatory determinant D can adopt both signs, plus and minus.

@ 2007 Elsevier Ltd. All rights reserved.

K 5; Basal iption; Bif analysis; Coop

binding; Gene regulation; Hill coefficient; Hopf bifurcation

1. Introduction

Theoretical work on gene regulation goes back to the
1960s (Monod et al., 1963) soon after the first repressor
protein had been discovered (Jacob and Monod, 1961). A
little later the first paper on oscillatory states in gene
regulation was published (Goodwin, 1965). The interest in
gene regulation and its mathematical analysis never ceased
(Tiwari et al., 1974; Tyson and Othmer, 1978; Smith, 1987)
and saw a great variety of different attempts to design
models of genetic regulatory networks that can be used in
systems biology for computer simulation of gen(etic and

*Corresponding author. Institut fiir Theoretische Chemic der Uni-
versitiit Wien, Wiihringerstrafie 17, A-1090 Wien, Austria,
Tel: +431427752743; fax: +43 1427752793,
E-mail address; ph

bi.univie.ac.at (P. Schuster),

022-5193/% - see front matter @ 2007 Elsevier Lid. All rights reserved.
doi:10.1016/5.jtbi, 2007.01.004

met)abolic networks.! Most models in the literature aim at
a minimalist dynamic description which, nevertheless, tries
to account for the basic regulatory functions of large
networks in the cell in order to provide a better under-
standing of cellular dynamics. A classic in general
regulatory dynamics is the monograph by Thomas and
D'Ari (1990). The currently used mathematical methods
comprise application of Boolean logic (Thomas and
Kaufman, 2001b; Savageau, 2001; Albert and Othmer,
2003), stochastic processes (Hume, 2000) and deterministic
dynamic models, examples are Cherry and Adler (2000),
Bindschadler and Sneyd (2001) and Kobayashi et al. (2003)
and the recent elegant analysis of bistability (Craciun et al.,

! Discussion and analysis of d genetic and lic networks
has become so frequent and intense that we suggest to use a separale term,
genabolic networks, for this class of complex dynamical systems.
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Cross-regulation of two genes



Activation: F (p;)= ") -
K+ P;

_ K
Repression: F (p;)= K 1o
+ p!

Gene regulatory binding functions
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Qualitative analysis of cross-regulation of two genes: Stationary points
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Qualitative analysis of cross-regulation of two genes:  Jacobian matrix
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Concentrations 4(t), qa(t), p4(t), pa(t)
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Hill coefficient: n

Act.-Act.

1 S,E S S

2 E, B(E,P) S S, B(P1,P)
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4 E, B(E,P) S,0 S, B(P1,P)




Activation:

Repression :

Intermediate: F (p;)=
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Upscaling to more genes: N = 3
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An example analyzed and simulated by MiniCellSim

The repressilator: M.B. Ellowitz, S. Leibler. A synthetic oscillatory network of transcriptional

regulators. Nature 403:335-338, 2002



Stable stationary state

Hopf bifurcation
Il.qcr.ea.s ns Limit cycle oscillations
inhibitor
strength

Bifurcation to May-Leonhard system

Fading oscillations
caused by a stable
heteroclinic orbit
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The repressilator heteroclinic orbit (logarithmic time scale)
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Bifurcation from limit cycle
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Upscaling to n genes with cyclic symmetry



4. Reverse engineering of dynamical systems



x=f(x;p); x=(x,...%x); p=(ps....p,); pe PcR"

> ... bifurcation manifold

p:(pi > ps)E I)iXPs; P = I)i @Ps;z(ps)E Em{ps}

F(p) (F(p)i,F(ps))=(ﬂlz(ps)pi , ps) ... forward operator

min, J(p)=min HF(p)i - P H ... formulation of the
inverse problem

subject to p,,, PP
and 0<c(F(p),)

upp

J. Lu, HW. Engl, P. Schuster. Inverse bifurcation analysis: Application to simple gene systems.
AMB Algorithms for Molecular Biology 1, no.11, 2006.



The bifurcation manifold



Defininition of the forward operator F(p)






Iterative solution for min J(p)



ALGORITHM: LOCMINDIST (2, (p;, ps), v, €, )

0-’—

e Set initial parameter: p’ — p, = T

e FOR j =1, 1jmcrnt:
1. From p and z, continue along parameter ray {(p; + rv,ps): » € B4}, until bifur-
cation point p” detected
2. Compute normal vector at bifurcation point p*: v — N, (p®)

3. Update: parameter iterate p/ — p*
ODE solution at bifurcation point x7 — z(p®)

4. Terminate if |p? — p?=Y|/|p°]| < €

END

e Return [(p?, p,), 27]

ALGORITHM: APPLYF (Zinit, (Pi.ps)s€)

e 7 — INITODESOLN(Zmit, p)

¢ Generate initial search vectors V'« {v1,v9, -+, Umax |
e FOrRj=1, - ,dim(V)
[F7,27] +« LOCMINDIST(Zinit, p, v, €)
dj — |[F7—pl
END
® Jm — ArgMIN;_q .. dgim(v) 9;
e Return [F/m, 29 ;0]




ALGORITHM: INVERSE BIFURCATION

e Inputs:

— SBML document

— Initial parameter p; € P;, ps € P,. ODE solution xj,;¢
— Parameter bounds piow, pupp € R™

— Tolerances €505, €optim > 0

— Step-size constraint Appa.. € R™

— Nonlinear constraints ¢ : P; — RF

e Constrained optimization step:
For j=1, . jmax
— [F, 2, 2init] — APPLYFE (Zinit, (pi,Ps ). €)
— " — AprPLYFDERIVADI(F, z)
— ¢ — AprprLYC(F . 1)
— " — ArpLYCDERIVADI(F. F'", x)
pe. H] — SQPSTEP(F, F'". Plow. Pupp- ¢ ¢ H. Apmax)
— Jip1 — [|[F(p) —pl
— Terminate if [(J;41 — J;)/Jo| < €optim

END




dil?g L—1

dt
dxoy,

dt

Switch or oscillatory behavior in Escherichia coli

Bor—1(far—1 — Tor—1)
Bap (o1 — Tak),

k=123

fi

f3

;

B for 232" < B

Lg12 .gd14 e LU12 414 A
x5ty for B < agtai <M
M for 29229 > M
\ 2 4
p

B foraj® <B

x9? for B<ad® < M

(M for x5 > M

(1/M  for 29* < 1/M

zy* for 1/M < 2P < 1/B,

/B forai™ >1/B

T.S. Gardner, C.R. Cantor, J.J. Collins. Construction of a genetic toggle switch in

Escherichia coli. Nature 403:339-342, 2000.

M.R. Atkinson, M.A. Savageau, T.J. Myers, A.J. Ninfa. Development of genetic
circuitry exhibiting toggle switch or oscillatory behavior in Escherichia coli. Cell
113:597-607, 2003.
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Inverse bifurcation analysis of switch or oscillatory behavior in Escherichia coli

J. Lu, H.W. Engl, P. Schuster. Inverse bifurcation analysis: Application to simple

gene systems. AMB Algorithms for Molecular Biology 1:11, 2006.




, +0; | —yi, 2=0,---,n—1
1 +;1?_?i1 z o | |

mod n

o =a, ﬂi :189 hi :hﬂé‘i :5

Pi — [:ﬂf . -}} _ -
(10=%,0) < (8,h) < (1071, 2)
Ps — [h hJ

Inverse bifurcation analysis of the repressilator model

S. Miiller, J. Hofbauer, L. Endler, C. Flamm, S. Widder, P. Schuster. A generalized
model of the repressilator. J. Math. Biol. 53:905-937, 2006.
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Inverse bifurcation analysis of the repressilator model

J. Lu, H.W. Engl, P. Schuster. Inverse bifurcation analysis: Application to simple
gene systems. AMB Algorithms for Molecular Biology 1:11, 2006.
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E[EzF 1] = kP +k 1 ] — Perrr [E2F 1]

J, Js

—APl F_+k,, [E2F1
AP1]=F, + Ky ]J15+[pRB J11+[pRB]

~ Gpr [AP]

A simple dynamical cell cycle model

J.J. Tyson, A. Csikasz-Nagy, B. Novak. The dynamics of cell cycle regulation.
Bioessays 24:1095-1109, 2002
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A simple dynamical cell cycle model

J.J. Tyson, A. Csikasz-Nagy, B. Novak. The dynamics of cell cycle regulation.
Bioessays 24:1095-1109, 2002
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Inverse bifurcation analysis of a dynamical cell cycle model

J. Lu, H.W. Engl, P. Schuster. Inverse bifurcation analysis: Application to simple
gene systems. AMB Algorithms for Molecular Biology 1:11, 2006.



5. How to upscale from small models to cells?



Suitable systems for upscaling:

1.

Linear systems via large eigenvalue problems

Cascades
Cyclic systems 1n case of high symmetry

Sufficiently simple networks 7?77
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