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stock solution [A] =ag —> reaction mixture [A][X] —>
] {)

two external parameters:
flow rate r= ’CR'1

resources A ... a,

time constraint ... T =r!

The continuously fed stirred tank reactor (CFSTR)



quasispecies in the
flow reactor

Al = a and X = =z

da -
I = —a (21: kjx; + r) + apr
j=

dx; o e
E — (Z Q}f%k% ;I-@'_) a — ry;r,

stationary solutions: (1) a = ¢. =7, = 0; ¢ = E ripg=1,....

T

i=1



fitness landscape
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Mutation and (correct) replication as parallel chemical reactions

M. Eigen. 1971. Naturwissenschaften 58:465,
M. Eigen & P. Schuster.1977-78. Naturwissenschaften 64:541, 65:7 und 65:341
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Mutation and (correct) replication as parallel chemical reactions

M. Eigen. 1971. Naturwissenschaften 58:465,
M. Eigen & P. Schuster.1977-78. Naturwissenschaften 64:541, 65:7 und 65:341
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paramuse — paralell mutation and selection model:

Ellen Baake, Michael Baake, Holger Wagner. 2001. Ising quantum chain is equivalent to
a model of biological evolution. Phys.Rev.Letters 78:559-562.

James F. Crow and Motoo Kimura. 1970. An introduction into population genetics theory.
Harper & Row, New York. Reprinted at the Blackburn Press, Cladwell, NJ, 2009, p.265.

The Crow-Kimura model of replication and mutation
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The mutation matrix in the quasispecies and the Crow-Kimura model
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Integrating factor transformation: zi(t) = x;(t) - exp (/ f(7) d’r) cg=1,..., N
0

Eigenvalue problem: A =HW-H! = H W.B

/\ — {j\iﬁi p— /\?; E = 1_. c ey ¢\T} H — {hf.}} H_l — B — {b@;}
H-W=A-H, h, =(hy;,i=1,....N) and
W.-B=B-A, bj=(b,i=1,...,N)

T(f) _ Z;Nzl b:jk 21?;1 h»k:ﬁ 5175(0) CXD()\;; t) _
: Zf\il Z!iv:l bik Zz]il hii x1(0) exp(Ax t)
> pey bjk Bi(0) exp(Ai t)

N SN b Be(0) exp(Ait)

Solution:

N
with £r(0) = th x1(0)
=1

Solution of the quasispecies equation



Largest eigenvalue A, and corresponding eigenvector b;:

b1 51(0 At b
ri(t) ~ 11 1(0) exp(d 1) = /L = T, forlarget

S b Bu(0) exp(Mt) XN ba

master sequence: X, atconcentration X_

mutant cloud: Xj at concentration Xj;jzl,...,N;j;tm

Stationary solution of the quasispecies equation



single peak landscape

Fitness values f(X})
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A simple model fitness landscapes
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phenomenological approach (Eigen, M., Naturwissenschaften 1971)

(i) zero mutational backflow (non consistently applied)

(i1) uniform error rate: P is independent of nature and position of nucleotide

(H) : 2
Qii = 4 Q with ¢ = lpp and Q = (1 —p)

H) . . .
and rz’._f-_.j ) is the Hamming distance between X; and X,.

(1) single peak landscape: f, =f, fi=f Vv ]j=m

phenomenological approximation to the quasispecies equation
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Master sequence
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H(t) — .Tl(t)X1 D Lo (t)XQ D ... D mn(t)xn

lim oo TTI(E) =Y = T1 X1 & ToXo B ... BT, X,
continuous quasispecies
~ . . . . . I_T@J it z;, > 1
Y = Y1DPNLYoD...a7, Y, with 7, = o
0 if 7; <1

discrete guasispecies
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phenomenological approximation
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discreteness condition

width of the discrete quasispecies: 2d
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maximal Haming distance d

mutation rate parameter p

discrete quasispecies: | =100, k =1
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maximal Haming distance d
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maximal Haming distance d
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P(t) = Prob (A(t) = 'm.) and P, (t) = Prob (Xiu.) - s)

m = (m,Sg..... Sn)
d{im = a.o’r(P(m;m—U — Pm) + "F‘((’m- + 1) Pmym+1) — "”'Z'Pm) +
g Zn:((s@ + 1) Plnisis1) — .s-.iPm) -
i=1
N Z Qiski((m + 1)(5: = 1) Pl sty = 151 P ) +
i=1

> D Qik; -93'(("”1 + 1) Plnimt,s,-1) — m D, m)

= (m=x1l,s1,....,8,) = (m:m=*1) or

m.’
m —= m.,Ss{.....5
( ~1 .j”') m" = (??'1,81,. e Sk + 1 © ESH) = (mSk * 1)

jumps: S, — S, and S, — S,



mutation scheme pentagram forn =5



statistics of 100 trajectories.

N = 2000, k =5, p=0.0124;
flow reactor: r = 0.5;
k, = 0.150, k, = ks = 0.0125,
ks =k, =0.100

one standard deviation band:

resource A, master sequence X,
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one standard deviation bands: mutants



deterministic expectation E standard dev. © VE
A(t) 3.413 3.424 1.843 1.850
X4(1) 1727.9 1720 54.68 41.47
X,(t) 129.31 133.2 27.69 11.54
X;5(t) 5.0298 5.132 3.945 2.265
X,(t) 5.0298 5.200 4.215 2.280
X(t) 129.31 132.1 25.59 11.49

N = 2000, k =5, p = 0.0124; flow reactor: r = 0.5; k; = 0.150, k, = kg = 0.125, k; = k, = 0.100
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mutation scheme sequence space for | =3 (n = 8)
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Gillespie simulation of stochastic quasispecies | = 3



particle numbers A(t), Xi(t)
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comparison with deterministic solution
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particle numbers A(t), Xi(t)
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Thank you for your attention
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